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PREFACE 


THIS,  the  second  volume  of  the  Text-book  of  Mechanics, 
completes  an  elementary  course  in  Mechanics  which,  it 
is  hoped,  will  prepare  the  student  for  courses  in  Applied 
Mechanics  and  lay  a  solid  foundation  for  his  future 
study  of  more  diTicult  works  on  Mechanics. 

This  volume  is  intended  for  students  possessing  a  knowl- 
edge of  the  methods  of  Plane  Analytic  Geometry  and 
Calculus.  It  is  arranged  so  that  students  having  a 
knowledge  of  the  Differential  Calculus  may  undertake 
its  study  provided  they  are  pursuing  a  course  in  the 
Integral  Calculus. 

Besides  illustrating  the  principles  of  Kinematics  and 
Kinetics  the  object  has  been  to  explain  the  application 
of  pure  mathematics  as  taught  in  our  schools  and  thus 
give  the  student  confidence  in  its  use. 

To  obtain  the  best  results  the  student  should  solve 
practically  all  of  the  many  exercises  as  they  occur  in 
the  text. 

My  thanks  are  again  due  my  wife,  Alwynne  B.  Mar- 
tin, for  many  valuable  suggestions  and  aid  in  reading  the 
proof. 

Louis  A.  MARTIN,  Jr. 

HOBOKEN,  N.  J.,  April,  1907. 
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KINEMATICS 

Kinematics  treats  of  the  motion  of  bodies  without  refer- 
ence to  the  forces  producing  the  motion  or  the  masses  of 
the  moving  bodies.  It  is  thus  purely  a  science  of  space 
and  time. 


KINEMATICS  OF  A   PARTICLE 

CHAPTER  I 

RECTILINEAR  MOTION  OF  A  PARTICLE 
SECTION  I 

VELOCITY,  ACCELERATION,  GRAPHS 
Velocity 

THE  simplest  motion  a  particle  can  have  is  motion 
in  a  straight  line  during  which  equal  spaces  are  passed 
over  in  equal  times  no  matter  how  small  the  period  of 
time  may  be  taken. 

In  Fig.  i  a  particle  is  first  observed  at  O\  when  its 
distance  (space)  from  some  reference-point  O  is  Si  and 

P  Q.        Oo  Ov,  O, 


FIG.  i 

the  time  is  noted  as  t\\  the  next  observation  shows  the 
particle  at  O2  distant  from  O  by  s2  at  time  /2,  etc.  On 
comparing  the  observations  it  is  found  that 
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5o  —  Si       5.3  —  ^2       $4  —  53 

and  Si<s2<s3,  also  7  7~>  and  that  the 

t~2—t\         /3~  /2        /4~  /3 


increases  nuijormly. 

This  signifies  that  the  change  of  position  (s2—Si  or 
£3—  $2)  divided  by  the  time  necessary  to  make  this  change 
(h~t\  or  /3—  /2)  is  a  constant  quantity,  These  fractions 
designate  what  is  called  the  -velocity  of  the  particle. 

The  change  in  any  quantity  divided  by  the  time  neces- 
sary to  produce  this  change  is  called  the  time-rate  oj  change 
o]  this  quantity  provided  the  change  progresses  uniformly. 

Thus  velocity  is  defined  as  the  time-rate  oj  change  oj 
position. 

This  may  be  expressed  algebraically;   thus, 

sn-sm     Js 


provided  the  velocity  is  constant. 

To  obtain  the  uni£  of  velocity  the  above  equation 
shows  that  Js  =  sn—  sm  and  Jt  =  tn—tm  must  both  be  put 
equal  to  i  so  that 

Unit  velocity  =  ---  =»i  ft.  per  sec. 
i  sec. 

A  particle  possessing  unit  velocity  would,  if  the  velocity 
remains  constant,  pass  over  i  foot  in  each  second. 

EXERCISE  i.  A  partic'e  moving  in  a  straight  line  is  observed 
to  be  10  ft.,  50  ft.,  and  159  ft.  from  a  point  of  referenee  at 

4  hrs.  32  min.  33  sec.,  4  hrs.  33  min.  53  sec.,  and  4  lirs.  37 
min.  31  sec.,  respectively.     Find   its  rate  of  change  of  posi- 
tion for  each  interval.      What  is  its  velocity?     How  far  fnmi 
the  point  of  reference  will  the  particle  be  at  5  hrs.  37  min. 

5  1  sec.? 
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EXERCISE  2.  Which  train  has  the  greater  velocity,  one  mov- 
ing at  the  rati1  of  60  miles  per  hour  or  one  which  travels  100 
yards  in  three  seconds  ? 

EXERCISE  3.  Find  in  feet  per  second  the  velocity  of  the  earth 
around  the  sun,  assuming  it  to  describe  with  constant  velocity 
in  365  days  a  circle  of  92,000,000  miles  radius.  (71=22/7.) 

EXERCISE  4.  A  sprint  of  100  yards  was  accomplished  in  12 
seconds;  what  was  the  sprinter's  average  velocity  in  feet  per 
second  ?  In  miles  per  hour  ? 

If  the  motion  of  a  particle  is  such  that  the  ratio  of  the 
change  of  position  to  the  corresponding  change  in  time 
is  not  constant,  then  the  velocity  of  the  body  cannot  be 
constant.  The  velocity  can  then  no  longer  be  calculated 

by  means  of  the  formula  v  = — ,  as  this  formula  can  only 

be  applied  when  the  velocity  is  constant  and  therefore 
when  the  space  increases  uniformly. 

Thus  when  a  train  is  leaving  a  station  it  at  first  moves 
slowly,  then  faster  and  faster.  It  would  evidently  be  in- 
correct to  measure  the  distance  the  train  moves  in,  say, 
10  minutes,  and  divide  by  this  time  to  obtain  the  starting 
velocity  or  the  velocity  of  the  train  at  the  end  of  the  first 
10  minutes.  Still  it  is  correct  to  say  that  the  train  starts 
with  zero  velocity,  that  at  the  end  of,  say,  5  minutes 
it  has  a  velocity  of  8  miles  per  hour,  and  that  at  the  end 
of  10  minutes  it  has  a  velocity  of  25  miles  per  hour. 

The  question  as  to  exactly  what  is  meant  by  the  above 
statements  must  be  carefully  considered.  It  is  well 
known  that  when  the  velocity  of  the  train  is  given  at  the 
end  of  5  minutes  as  8  miles  per  hour  it  is  not  to  be  under- 
stood that  the  train  actually  will  move  8  miles  in  the 
next  hour,  but  that  if  the  velocity  of  the  train  were  at  that 
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instant  to  become  constant  it  would  move  over  8  miles 
in  the  next  hour. 

To  obtain  a  general  expression  for  the  velocity  of  a 
particle  we  turn  to  the  Calculus.     There  it  is  shown 

dy 

that  —  represents  the  rate  of  change  of  y  with  respect 
doc 

to  x. 

As  we  define  velocity  as  the  rate  of  change  of  space 
with  respect  to  time  we  can  write 

ds 


This  formula  holds  under  all  conditions.  It  does  not 
depend  upon  the  manner  in  which  s  varies. 

It  is  well  to  notice  that  /,  time,  is  an  equicrescent 
variable,  i.e.,  grows  in  equal  steps.  Thus,  although  time 
continually  increases,  it  does  so  uniformly,  so  that  the 
differential  increment,  dt,  is  constant,  although  time,  /, 
is  itself  variable. 

The  method  of  the  'Calculus  thus  affords  a  perfectly 
general  formula  for  determining  the  velocity  of  a  particle 
moving  in  any  manner  whatsoever.  Expressed  in  the 
language  of  the  Calculus  the  velocity  oj  a  particle  is  the  first 
derivative  of  space  with  respect  to  time. 

Example.—  \  particle  moves  so  that  s=iot—  t2,  where 
5  and  /  are  measured  in  feet  and  seconds  respectively. 
What  is  the  velocity  of  the  particle  at  the  start  (when 
/  =  o)  and  at  the  end  of  6  seconds? 

Solution.  —  As  5  =  lot—  t2, 

we  have  —  =  10—  2/. 

at 

Th  eref  ore  v  =  i  o  —  2  /. 
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This  is  the  velocity  of  the  particle  at  any  time  t. 
Thus  v]t-o=>io—  2t]t=o=io  ft.  per  sec. 

and  v]t-G=io—  2/]<_6=-2  ft.  per  sec. 

The  particle  thus  starts  with  a  velocity  of  10  ft.  per  sec. 
to  the  right  (indicated  by  the  plus  sign),  and  after  6 
seconds  it  is  moving  towards  the  left  (indicated  by  the 
negative  sign)  with  a  velocity  of  2  ft.  per  sec. 

EXERCISE  5.  By  experiment  it  has  been  found  that  a  body 
falling  freely  from  rest  in  a  vacuum  near  the  earth's  surface 
follows  approximately  the  law 

s=i6.it2, 

where  s=  space  (height)  in  feet,  /=time  in  seconds. 
Find  the  velocity  (a)  at  any  instant; 

(b)  at  end  of  the  first  second  ; 

(c)  at  end  of  the  sixth  second. 

EXERCISE  6.  A  train  left  a  station  and  in  /  hours  was  at  a 
distance  (space)  of  s=t3+2t2  +  $t  miles  from  the  starting- 
point.  Find  its  velocity  (a)  at  the  end  of  /  hours;  (b)  at  the 
end  of  2  hours. 

EXERCISE  7.  The  space  in  feet  described  in  /  seconds  by  a 
point  is  expressed  by  the  equation  5=48*—  i6t2.  Find  the 
velocity  at  the  end  of  2  J  seconds. 

EXERCISES.  Given  5=2/4-3^+4^  feet,  find  the  velocity 
(a)  at  the  origin  (when  /=o)  and  (b}  at  the  end  of  5  seconds. 

EXERCISE  9.  Given  5=  —  \-bt2,  where  a  and  b  are  constants; 

find  the  velocity  at  any  instant. 

EXERCISE  10.  If  the  distance  in  feet  described  by  a  particle 

in  t  seconds  is  given  by  the  formula  5=5  log  -—  ,  find   the 


velocity  (a)  at  the  end  of  i  second  ;  (b)  at  the  end  of  16  seconds. 
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EXERCISE  n.  If  the  space  described  is  given  by  5 
find  the  velocity  at  any  instant. 

EXERCISE  12.  Given  s  =  a  cos—,  find  the  velocity  at  any 
instant  in  terms  of  s  and  the  constants. 

Acceleration 

Consider  a  particle  moving  in  a  straight  line  with 
varying  velocity  so  that  its  velocity  at  the  position  PI  is 
Vi,  at  which  instant  the  time  is  /i ;  similarly  for  the  positions 


FIG. 


P2,  ^3,  ...  we  have  v2,  VB,  .  .  .  ,  and  fa,  k,  -  •  •  (Fig.  2). 
Assume 


fa—  ti  ^     fa—fa         t±—fa 

and  that  the  velocity  changes  uniformly. 

Then  any  increment  in  the  velocity  Ji>  =  7Jn  —  i;m  divided 
by  the  corresponding  increment  in  the  time  J/  =  /„—/,„ 
is  called  the  acceleration  oj  the  particle,  which  in  this  case 
is  a  constant. 


Jt 


Acceleration  is  the  time-rate  oj  change  oj  Telocity. 
Unit  acceleration  is  obtained  by  putting  vn—  vm  =  i  foot 

I  foot  per  second 
per  second,  and  tn—tm=i  second,  or  a=  - 

i  second 

=  i  foot-per-second  per  second. 
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EXERCISE  13.  The  velocity  of  a  body  at  2  min.  3  sec.,  2 
min.  33  sec.,  3  min.  53  sec.  is  observed  to  be  15  feet  per  sec., 
30  feet  per  sec.,  70  feet  per  sec.,  respectively.  Find  its  accel- 
eration and  the  velocity  it  would  have  at  (a)  5  min.  10  sec. 
(b]  5  min.  30  sec. 

EXERCISE  14.  A  particle  moving  from  rest  with  a  constant 
acceleration  has  a  velocity  of  160  feet  per  second  after  5 
seconds;  find  its  acceleration  and  its  velocity  after  7 
seconds. 

EXERCISE  15.  A  particle  moving  with  a  negative  accelera- 
tion of  32  feet-per-sec.  per  sec.  is  projected  with  a  velocity  of 
1 60  feet  per  sec.  Find  when  it  will  come  to  rest  and  what 
will  be  its  velocity  after  10  seconds. 

EXERCISE  16.  A  train  starts  from  rest  and  after  i  minute 
its  velocity  is  30  miles  per  hour.  Find  the  acceleration  in  feet- 
per-second  per  second,  supposing  it  constant. 

Assume  now  that  the  velocity  no  longer  increases 
uniformly;  the  acceleration  therefore  becomes  variable 

and  the  formula  a  =  -7-  then  no  longer  gives  the  accelera- 
tion. 
Here  again  we  make  use  of  the  Calculus  and  put 


dv 
df 


a— TT, 


for  the  acceleration  is  always  the  time-rate  of  change  of 
the  velocity. 

Thus:  Acceleration  is  always  the  first  derivative  of 
velocity  with  respect  to  time. 

Example.— A  particle  moves  so  that  s  =  c  cos  (£/),  where 
c  and  k  are  constants.  Deduce  an  expression  for  its 
acceleration  at  any  time  /. 
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\Yhat  will  be  the  acceleration  when  t=4  seconds  if 
c  =  2  and  £=3? 
Solution.— As  s=c  cos  (kt), 

-  =  -cksm(kt)] 
.'.  v=—cksm  (kt)\ 
also  -ck*cos(kt); 

.'.  a  =  -ck2cos  (kt), 

which  is  the  first  answer  sought. 
Now  if  c  =  2,  £  =  3,  and  ^=4,  then 

<*=  ~  (2)(3)2  cos  (3)(4)  =  - 18  cos  (12). 
As  12  radians  =  12  (l-  -j  =  688  degrees, 

X,  '•    '      '' 

cos  12  =  cos  688°= cos  32°= 0.85, 
and        a  =  —  18(0.85)  =  ~I5-3  ft.-per-sec^  per  sec. 
The  minus  sign  shows  that  the  velocity  is  decreasing. 

EXERCISE  17.  Find  the  accelerations  of  the  particles  the 
motions  of  which  are  described  in  Exercises  5  to  12. 

EXERCISE  18.  If  a  point  moves  in  a  fixed  path  so  that 
5=V /,  show  that  the  acceleration  is  negative  and  proportional 
to  the  cube  of  the  velocity. 

EXERCISE  19.  In  /  hours  a  train  has  reached  a  point  at  a 
distance  of  {t4— 4/3+i6/2  miles  from  the  starting-point,  (a) 
Find  its  velocity  and  acceleration,  (b)  When  will  the  train 
stop  to  change  the  direction  of  its  motion?  (c)  Describe  the 
motion  during  the  first  10  hours. 
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It  has  been  demonstrated  that  under  all  conditions 

v=—  and  a=—  .     Substituting  the  value  of  v  in  that  of  a 
dt  dt 

and  noting  that  /  is  equicrescent  so  that  dt  is  a  constant, 

we  have 

(ds\     tfs 
_\dt/_dt_d2s 
dt        dt     dt2' 

d?s 

-T»  is  called  the  second  derivative  of  5  with  respect  to  /. 

The  formulae  to  be  remembered  are 

ds  dv  d2s 

v=Tt'    a=d?    and   a=dT2' 

Another  very  useful  form  into  which  the  differential 

dv 

expression  for  acceleration  can  be  thrown  is  a=v—  . 

This  form  is  obtained  as  follows: 

(tedv      dv 


____ 
=l[i=Ji  ds=  dtds  =  <V~ds' 

EXERCISE  20.  BV  the  means  of  the  formula  a=v—,  find 

ds 

the  acceleration  if  5=56',  where  b  is  a  constant. 

}>v 

To  the  present  only  the  methods  of  finding  the  velocity 
and  acceleration,  when  the  law  of  variation  of  space  is 
known,  have  been  considered. 

The  reverse  operation  of  finding  the  velocity  and  space 
traversed  when  the  law  of  variation  of  the  acceleration 
is  given  must  now  occupy  our  attention. 

As  this  problem  is  the  reverse  of  that  already  studied 
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it  follows  that  instead  of  applying  the  principles  of  the 
Differential  Calculus,  and  thus  passing  from  given 
functions  to  their  derivatives,  a  reverse  process  must 
be  found  for  passing  from  the  derivatives  back  to  the  func- 
tions themselves.  This  branch  of  mathematics  is  known 
as  the  Integral  Calculus. 

To  comprehend  this  more  fully,  consider  the  function 


3,    ......     (i) 

and  its  differential 

+2X  dx  ......     (2) 


Now  assume  that  the  original  function  (i)  is  unknown 
and  it  is  proposed  to  pass  from  (2)  back  to  some  func- 
tion not  involving  differentials. 

Considering  each  term  of  (2)  separately  it  is  evident 
that  dy  could  only  have  been  obtained  by  differentiating 
y;  similarly  $x2dx  at  once  suggests  x3  and  2X  dx  suggests 
x2.  So  that  we  would  write  y  =  x3  +x2  as  the  integral 
expression  of  (2).  On  considering  (i)  this  result  is 
seen  to  be  only  partly  true,  for  the  constant  term  is  lacking. 
The  reason  for  this  discrepancy  becomes  apparent  when 
we  remember  that  the  differential  of  a  constant  is  zero. 
It  is  thus  seen  that  to  every  result  oj  integration  there 
should  be  appended  a  constant  term.  The  integral  of  (2) 
becomes  y  =  x*  +x2  +C,  where  C  represents  any  constant. 

The  value  of  this  constant  cannot  be  determined  from 
a  purely  mathematical  standpoint,  but  when  tin-  inh-gra 
tion  is  applied  to  a  physical  problem  the  conditions  of 
the  problem  supply  the  necessary  data  for  its  dek-rm  ma- 
lion. 

Tin-  i>  illustrated  by  the  following 
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Example. — Find  the  position  of  a  particle  at  a  given 
time,  /,  when  the  velocity  varies  as  the  distance  from  a 
given  point  on  the  rectilinear  path,  and  if  at  the  time 
/  =  o  the  particle  is  at  a  distance  s0  from  the  given 
point. 

Solution. — In  Fig.  3  consider  O  the  given  point  from 
which  the  space  is  to  be  measured  and  P  the  position  of 


FIG.  3 

the  particle  at  any  time,  /;  then  vccs  or  v  =  ksy  where  k 

ds  (/s 

is  a  constant.     As  v  =  -r,  we  have  ~r  =  ks. 
at  dt 

Before  attempting  the  integration  of  any  expression  all 
variables  of  one  kind  should  be  placed  in  one  member 

of  the  equation,  thus:  -  =--kdt.     Now  searching  amongst 

«3 

the   rules   for  differentiation   for   an   expression   of  the 
form  of  -7  and  concluding  that  it  can  only  be  obtained 

by  the  differentiation  of  a  logarithm,  put  \ogs  =  kt+C, 
where  C  is  the  constant  of  integration. 

To  determine  the  constant  C  return  to  the  question 
and  note  that  when  /  =  o,  S  =  SQ\  substituting  these 
values  in  the  integral  expression  we  have  log  s0  =  k(o)  +C. 
.'.  C  =  logs0  and  the  complete  integral  is 

log  s  =  kt  -flog  s0. 

To  simplify  this  transpose  all  logarithmic  expressions  to 
one  member  of  the  equation,  thus: 
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log  s-  log  s0  =  kt,    or    log  ( —  j  =  kt. 
.'.  —  =  ekt,  by  the  definition  of  a  logarithm,  and  s  =  s0ekt. 

EXERCISE  21.  Find  the  position  of  a  particle  whose  velocity 
varies  as  the  time  if  the  space  is  measured  from  the  position 
of  the  particle  when  the  time  is  zero. 

Example. — How  far  will  a  particle  move  during  the 
fourth  second  of  its  motion  if  the  velocity  at  the  end  of 
the  third  second  is  81  ft.  per  sec.  and  if  the  velocity 
varies  as  the  square  of  the  time  ? 

Solution. — As  the  velocity  varies  as  the  square  of  the 
time,  we  write 


or  v=kt2, 

where  the  constant  k  can  be  determined  from  the  state- 

ment that  v=8i 

when  2=3. 


or  k  =  9. 

So  that  v=$t2, 


and  5  =  3 

If  we  measure  5  from  the  posiiion  of  the  particle  when 
/  =  o,  then  5  =  o  when  /     o;  so  thai 
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o  =  3(o)Uc, 


and  5 

Now  let  £3  and  $4  represent  the  spaces  separating  the 
particle  from  its  position  at  /  =  o  when  /  equals  3  and  4 
seconds  respectively.  Then 


and  *3 

.*.  54—53  =  111  feet, 

which  is  the  space  traversed  by  the  particle,  during  the 
fourth  second  of  its  motion. 

EXERCISE  22.  How  far  will  a  particle  move  in  2  minutes 
when  the  velocity  is  5  ft.  per  sec.  at  the  end  of  the  first  second 
and  varies  as  the  time  ? 

EXERCISE  23.  Find  the  space  described  by  a  particle  in  5 
seconds,  assuming  that  it  commences  to  move  with  a  velocity 
of  30  ft.  per  sec.  and  has  an  acceleration  of  10  ft.-per-sec.  per 
sec. 

EXERCISE  24.  The  velocity  of  a  particle  at  the  end  of  the 
first  10  feet  of  its  motion  is  30  ft.  per  sec.  How  far  will  it  be 
at  the  end  of  5  seconds  from  a  point  of  reference  20  feet  from 
its  position  at  the  beginning  of  these  5  seconds  if  the  velocity 
varies  as  the  space  measured  from  this  reference-point  ? 

EXERCISE  25.  Find  the  velocity  and  space  at  the  end  of  the 
time,  /,  when  the  acceleration  varies  as  the  time  from  the  posi- 
tion of  rest. 


i8 
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Graphs 

SPACE-TIME   CURVES 

Whenever  two  magnitudes  bear  a  certain  relation  to 
each  other,  when  one  is  a  function  of  the  other,  this 
relationship  can  be  represented  by  means  of  a  plane 
curve.  This  plane  curve  is  called  the  graph  of  the 
function. 

Let  Fig.  4  represent  the  graph  of  the  relation  between 
space  and  time  for  the  motion  of  a  particle.  Here  we 


FIG.  4 

lay  off  the  value;  of  time,  £,  as  abscissae  and  the  corre- 
sponding values  of  space,  5,  as  ordinates.  Thus  when 
1  =  4  seconds  we  see  that  s  =  6  feet.  This  graph  shows 
that  the  space  increases  as  the  time  increases,  and  as  the 
graph  is  a  straight  line  the  space  increases  uniformly,  so 
that  the  velocity  of  the  j  article  is  constant. 

To  obtain  the  velocity  take  any  two  points  on  the 
graph  (say  A  and  B)  and  measure-  the  corresponding 
increments  of  space  ami  time  (Js  =  c)  —  3  =  6  feel  and 
j/=5  — 3  =  2  seconds);  the.-e  give  the  velocity 
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J*       6 

v  =  -r  =  —  =  3  ft.  per  sjec. 

J/       2 

If  the  space-time  curve  is  not  a  straight  line,  the  velocity 
can  still  be  obtained  from  the  graph.  This  is  illustrated 
in  Fig.  5.  Here  the  space- 
time  curve  is  curved  so 
that  the  velocity  continually 
changes.  Suppose  the  ve- 
locity of  the  particle  at  a  cer- 
tain time  /i  is  sought,  then 
at  the  corresponding  point 
P\  on  the  curve  a  tangent  is  — 
drawn.  If  the  velocity  of  the 
particle  at  the  time/]  suddenly 


e, 


FIG.  «; 


becomes  uniform,  the  graph  would  become  the  tangent  P\T 

As 
and  the  velocity  would  be  'v  =  ~r.'->  but   this  is  precisely 

what  is  meant  by  the  velocity  of  the  particle  at  the  time 
t\  (see  page  7).  So  that  if  we  find  the  ratio  of  an 'in- 
crement of  space  to  a  corresponding  increment  of  time 
measured  on  a  tangent  to  the  space-time  curve,  we  obtain 
the  velocity  of  the  particle  at  the  time  corresponding  to 
the  point  of  tangency. 

If  the  same  scales  are  used  to  measure  space  and  time 

then  —  corresponds  to  the  slope  of  the  tangent,  or  it  is 

the  trigonometric  tangent  of  the  angle  which  the  geo- 
metric tangent  to  the  space-time  curve  makes  with  the 
axis  of  time. 


EXERCISE  26.  What  is  the  difference  between  the  velocities 
deduced  from  the  space-time  curve  shown  in  Fig.  6  (a)  and  (6)  ? 
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EXERCISE  27.  What  can  be  said  of  the  velocity  of  a  particle 
whose  space-time  curve  is  shown  in  Fig.  6  (c)  ? 

EXERCISE  28.  Find  the  velocity  of  the  particle  in  Ex.  27 
when  /  equals  2,  4,  5,  and  6  seconds  respectively. 


(a) 


FIG.  6 


V  in  ft.  per  see. 


EXERCISE  29.  What  would  a  space-time  curve  consisting  of 
a  straight  line  parallel  to  the  s-axis  represent  ?  Parallel  to  the 
/-axis  ? 

VELOCITY-TIME   CURVES 

In  a  manner  similar  to  the  above  we  may  plot  a  graph 

representing  the  relation  be- 
tween  the  velocity  and  the 
time  of  a  moving  particle. 
If  the  graph  is  a  straight 
line  (Fig.  7)  the  velocity 
changes  uniformly  and  the 
acceleration  is  constant.  In 
Fig-  7 


t  i.. 


FIG.  7 


Av     -RQ        RQ 
~  At~  PQ  "       PQ* 

If  the  graph  is  curved,  then  the  acceleration  varies  from 
point  to  point  and  is  detcrminul  by  the  slope  of  the  tan.^-nt 
to  the  curve  at  the  point  under  consideration,  as  already 
explained  for  tin-  velocity. 
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EXERCISE  30.  What  difference  is  there  between  the  accel- 
eration deduced  from  the  velocity-time  curves  shown  in  Fig.  8 
(a)  and  (b)  ? 

EXERCISE  31.  What  is  the  acceleration  of  the  particle  whose 
vrl<u  ity-time  curve  is  shown  in  Fig.  8  (r)  nt  the  tirres  corre- 


(a) 


(6) 


FIG.  8 


sponding  to  a,  b,  c,  and  d  if  the  time  scale  is  i  inch =8  seconds 
and  the  velocity  scale  is  i  inch  =  40  feet  per  sec.  ? 

EXERCISE  32.  Draw  a  velocity  curve  for  a  particle  whose 
acceleration  is  positive  and  constant  between  /=o  and  /=i, 
then  gradually  diminishes  to  zero  at  /=2,  then  gradually  in- 
creases negatively. 

EXERCISE  33.  Plot  the  space-time,  velocity-time,  and  accel- 
eration-time curves  for  the  motion  indicated  by  the  equation 
s=i6t2, 

EXERCISE  34.  Plot  the  space-time  curve  for  s=}/3  between 
/=  —  3.5  and  *= +3. 5,  and  from  this  obtain  graphically  the 
velocity-time  and  acceleration-time  curves. 


SECTION  II 

APPLICATIONS  TO  SPECIAL  CASES 
Rectilinear  Motion  with  Constant  Acceleration 

In  Fig.  9  assume  A  to  be  the  position  of  a  particle  at 
the  time  t=o  and  B  its  position  at  any  subsequent  time 
t=t.  Let  the  acceleration  of  the  particle  be  a,  its  initial 
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velocity  VQ,  and  let  its  velocity  at  the  time  /  be  v,  while 
the  distance  between  its  initial  position  and  its  position 


rn  n 


ex  ----------  s  ------  >o 

*=o  t=t 

A  B 

FIG.  9 

at  the  time  /  is  represented  by  5.     Here  a  and  v0  are 
constant,  while  v,  s,  and  /  are  variable. 

It  is  proposed  to  find  the  relations  existing  between 
the  quantities  a,  v,  v0,  s,  and  /  by  means  of  the  differential 
equations 

d2s    dv      dv 


Put   0  =  37;   tnen    dv=adt  and   v=at+Ci,  where  Ci 

is  the  constant  of  integration  to  be  determined  by  the 
given  condition  that  v  is  VQ  when  /  is  o. 
Thus,  v0  =  a(o)+Ci.     .'.  Ci  =  v0, 


or     v=at+v0. 


ds 


As  v=-r.  we  may  now  put 
dt 

—=at+v0',    then    ds  =  at 

of2 
and   integrating  we  obtain  5  =  — +z;0/+C2,    where   C2, 

another   constant    of   integration,    is   to   be   determined 
by  the  condition  that  s  is  o  when  /  is  o.     Thus, 

a(o}2 
0=  -    -  +T;O(O)  +C2,     .*.  C2=o, 
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ffP 

So  that  5-—  I-VQ*. 

2 


/ 

Again,  starting  with  a  =  v  —  we  have  vdv  =  ads;    in- 

ds 

v2 
tegrating  we  have  --  =  as+Cz,  wherein  Ca  may  be  found, 

as  we  know  v  to  be  ^o  when  s  =  o. 
Thus,          ^L2=a(o)+c3    and     C3  =  —  - 

2  2 

Whence  —  =  as  +  —  ,     or    v2  =  2as  +  vQ2. 

2  2 

rTo  recapitulate,  the  principal  formulae  (to  be  carefully 
committed  to  memory)  are 


v  =  at+v0, 

w 

and 


By  the  proper  interpretation  of  these  formulae  all 
problems  relating  to  the  rectilinear  motion  of  any  particle 
moving  with  constant  acceleration  may  be  solved. 

Unless  otherwise  specified  the  quantities  s,  v,  v0,  and 
a  will  be  assumed  as  positive  if  measured  or  directed 
towards  the  right. 

EXERCISE  35.  A  particle  is  moving  with  an  acceleration  of 
—  5  ft.-per-sec.  per  sec.  If  it  started  at  /=o  with  a  velocity 
of  20  ft.-per-sec.,  find  its  velocity  and  position  2,  3,  4,  5,  7,  8, 
and  10  seconds  after  starting,  and  draw  separate  diagrams  to 
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scale  showing  its  position  and  direction  of  motion  for  each  of 
the  above  specified  times.  The  diagrams  should  be  placed 
so  that  the  initial  point  of  each  lies  on  the  same  vertical 
line. 

Note  that  s  is  not  necessarily  the  space  passed  over  by  the 
particle.  What  does  it  represent  ? 

EXERCISE  36.  Same  as  Ex.  35  if  the  initial  velocity  is  — 10 
ft.  per  sec.  and  the  acceleration  5  ft-per-sec.  per  sec. 

EXERCISE  37.  Same  as  Ex.  35  if  the  initial  velocity  is  — 10 
ft.  per  sec.  and  the  acceleration  —  5  ft.-per-sec.  per  sec. 

EXERCISE  38.  A  body  moves  with  an  acceleration  of  3  ft.- 
per-sec.  per  sec.  and  starts  with  a  velocity  of  13  ft.  per  sec. 
What  is  its  velocity  after  having  moved  50  feet?  How  long 
does  it  take  to  perform  the  journey  ? 

EXERCISE  39.  A  body  is  known  to  move  with  a  constant 
acceleration  of  — 10  ft.-per-sec.  per  sec.  What  does  this 
statement  mean?  If  the  velocity  of  the  body  at  some  instant 
is  100  ft.  per  sec.,  what  is  its  velocity  after  40  feet  have  been 
described,  and  how  much  farther  must  it  go  before  the  velocity 
is  reduced  to  10  ft.  per  sec.  ?  When  will  it  come  to  rest  ?  If 
the  conditions  remain  unchanged,  will  it  remain  at  rest  ?  If 
not,  what  will  be  its  subsequent  motion  ? 

EXERCISE  40.  A  stone  skimming  on  ice  passes  a  certain 
point  with  a  velocity  of  20  feet  per  second  and  suffers  a  retard- 
ation of  i  ft.-per-sec.  per  sec.  Find  the  space  described  in 
the  next  10  seconds,  and  the  whole  space  described  when  the 
stone  has  come  to  rest. 

EXERCISE  41.  A  steamer  starting  from  rest  was  observed  to 
move  200  ft.  in  30  seconds  and  500  ft.  in  the  next  30  seconds. 
How  many  seconds  elapsed  before  the  time  of  the  lirsi  period 
of  observation,  assuming  the  acceleration  constant '' 

It  has  been  experimentally  demonstrated  that  particles 
whose  motion  near  the  surface  of  tin-  earth  is  unimpeded 
move  with  a  constant  acceleration  of  g  (approximately 
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32)    ft.-per-sec.    per   sec.      Therefore    the  equations  of 
motion  (i)  may  be  applied  to  such  bodies. 

EXERCISE  42.  Assuming  the  upward  direction  as  positive, 
rewrite  equations  (i),  adapting  them  to  a  particle: 

(a)  dropped  from  rest; 

(b)  projected  vertically  downward  with  a  velocity  V; 

(c)  "        upward         "    "        "      V. 
EXERCISE  43.  If  a  body  is  projected  vertically  upward  with 

a  velocity  F,  find: 

(a)  the  time  during  which  the  body  rises; 

(b)  the  time  of  flight  before  returning  to  the  starting-point; 

(c)  the  greatest  height  to  which  the  particle  will  rise; 

(d)  the  velocity  of  the  body  on  returning  to  the  starting- 
point. 

EXERCISE  44.  A  bullet  is  fired  vertically  from  a  rifle  and 
leaves  the  muzzle  of  the  rifle  with  a  velocity  of  1000  ft.  per  sec. 
How  high  will  it  go  (neglecting  effect  of  air  resistance),  and  in 
how  many  minutes  will  it  return  to  earth  ? 

EXERCISE  45.  A  balloon  is  rising  uniformly  with  a  velocity 
of  10  ft.  per  sec.,  when  a  stone  dropped  from  it  reaches  the 
ground  in  3  seconds;  find  the  height  of  the  balloon  (i)  when 
the  stone  was  dropped,  (2)  when  it  reached  the  ground. 

EXERCISE  46.  If  a  body  after  having  fallen  for  3  seconds 
breaks  a  pane  of  glass,  and  thereby  loses  one  third  of  its 
velocity,  find  the  entire  distance  through  which  it  will  fall  in 
4  seconds. 

EXERCISE  47.  To  what  height  will  a  body  projected  up- 
ward with  a  velocity  of  48  ft.  per  sec.  rise?  At  what  times 
after  starting  will  it  be  32  ft.  from  the  ground  ? 

EXERCISE  48.  A  stone  is  projected  vertically  upward  from 
the  top  of  a  vertical  cliff  with  a  velocity  of  128  ft.  per  sec.  If 
the  cliff  is  80  feet  high,  how  long  will  it  take  the  stone  to 
reach  the  foot  of  the  cliff? 
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EXERCISE  49.  Find  the  velocity  with  which  a  body  must  be 
projected  downward  to  overtake  in  4  seconds  a  body  which 
has  fallen  from  rest  from  the  same  point  through  16  feet. 


Simple  Harmonic  Motion 

Simple  Harmonic  Motion  can  be  denned  as  the  motion 
of  the  projection  of  a  point  moving  in  a  circular  path 
and  describing  equal  arcs  in  equal  intervals  of  time; 
the  projection  to  be  made  upon  any  straight  line  in  the 
plane  of  the  circle. 

Thus  in  Fig.  10  assume  the  point  P  to  describe  the 
circle  in  8  seconds  in  such  a  manner  that  it  moves  over 


one  eighth  of  the  circumference  per  second;  then  the 
projection  of  P  upon  the  line  MN  will  describe  the  path 
II  VI  with  a  simple  harmonic  motion  (S.H.M.).  If  the 
point  starts  at  P  when  /  =  o,  it  will  after  successive  in- 
tervals of  one  second  occupy  the  positions  O,  I,  2,  3,  . . ., 
while  its  projection  will  at  corresponding  times  he  at 
0,1,  IT,  III,  . 

A    point   in  S.H.M.    po>M-sses  a  rectilinear   motion   of 
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an  oscillating  nature,  returning  to  its  initial  point  after 
equal  intervals  of  time.  S.H.M.  is  a  periodic  function 
of  time. 

The  circle  used  in  the  definition  of  S.H.M.  is  called 
the  " circle  of  reference";  it  can  be  advantageously  us.d 
in  the  study  of  S.H.M. 

In  connection  with  Fig.  n,  where  po  represents  the 
initial  position  of  the  particle  (when  /  =  o)  and  p  any 
subsequent     position     (when 
/  =  /),  note  the  following  defi- 
nitions : 

The  Phase  of  the  particle  is 
the  angle  (<f>  +0)*  It  is  the 
angle  through  which  the  cor- 
responding particle  in  the 
circle  of  reference  has  moved  FIG.  u 

since   the  particle  in  S.H.M. 

passed  through  the  mid-point  of  its  path  in  the  positive 
direction. 

The  Lead  (or  Lag  if  negative)  is  the  angle  0.*  It  is 
the  phase  of  the  particle  when  /  =  o. 

The  Displacement  is  y.  It  is  the  distance  of  the 
particle  from  the  mid-point  of  its  path. 

The  Amplitude  is  r,  the  radius  of  the  circle  of  reference. 

The  Period  is  the  time  of  one  revolution  of  P  or  of  one 
complete  oscillation  of  p. 

The  Frequency  is  the  number  of  revolutions  of  P 
per  second,  or  the  number  of  oscillations  of  p  per  second. 

EXERCISE  50.  A  particle  in  S.H.M.  has  a  period  of  18 
seconds,  an  amplitude  of  10  feet,  and  lags  by—.  Compute  its 

*  All  angles  are  to  be  measured  in  radians  (see  p.  53). 
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phases  and  displacements  i,  1.5,  5,  10.5,  and  16  seconds  after 
starting.     Illustrate  your  results  in  a  sketch. 

EXERCISE  51.  Compute  the  frequency  of  the  particle  de- 
scribed in  Ex.  50. 

The  velocity  and  the  acceleration  of  a  particle  in 
S.H.M.  at  any  phase  of  its  motion  will  now  be  considered. 

In  Fig.  12  let  v  represent  the  velocity  of  the  particle 
in  S.H.M.  This  will  be  the  projection  of  F,  the  velocity 
of  the  imaginary  particle,  in  the  circle  of  reference. 


FIG.  12 
Let  T  be  the  period,  n  the  frequency;  then 


and  as  all  angles  are  measured  in  radians,  and  2nn  (which 
we  will  denote  by  w>)  is  the  number  of  radians  described 
by  P  per  second, 
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From  Fig.  12  we  sec  that 


y  =  r  sn 
=  r  sin  (tot  +</»)> 

where  r,  </>,  and  aj  are  constants. 
To  find  the  velocity  we  differentiate,  and  noting  that 

dy 


we  have  v=ra>  cos 


dv 
Also,  as  a  =  ~diy 


we  have  a=  —  raj2  sin 


or  a= 

As  w  is  a  constant  and  y  is  the  displacement  we  can 
state  that: 

The  acceleration  of  a  particle  in  S.  H.M.  is  proportional 
to  its  displacement  and  is  always  directed  towards  the 
mid-point  oj  its  path. 

This  is  an  important  characteristic  of  S.H.M. 

Solve  the  following  exercises  without  using  formula. 

EXERCISE  52.  A  particle  in  S.H.M.  has  an  amplitude  of 
2  feet  and  a  period  of  —  seconds.  Calculate  its  velocity  and 

acceleration.  What  is  its  velocity  and  acceleration  for  its 
maximum  positive  and  negative  elongations  (distances  from 
its  central  position)  ? 


30  KINEMATICS   OF   A    PARTICLE 

EXERCISE  53.  What  velocity  does  a  particle  in  S.H.M.  pos- 
sess at  the  ends  of  its  path?  What  acceleration  at  the  mid- 
point of  its  motion  ? 

EXERCISE  54.  At  what  points  of  its  path  are  the  velocity 
and  the  acceleration  at  the  maximum  or  minimum? 

EXERCISE  55.  Show  that  the  period  of  a  particle  in  S.H.M. 
is  equal  to 

displacement  at  any  point 
acceleration  at  that  point 

EXERCISE  56.  If  the  frequency  and  amplitude  of  a  particle 
in  S.H.M.  are  1/12  and  10  feet  respectively,  what  is  the 
phase  and  displacement  8  seconds  after  a  passage  through 
an  extreme  positive  elongation  ? 

EXERCISE  57.  What  is  the  velocity  and  acceleration  of  the 
particle  in  Ex.  56  at  the  instant  considered  and  also  when  the 
displacement  is  8  feet  ? 

SECTION  III 

RELATIVE   MOTION 

Composition  and  Resolution  of  Velocities  and 
Accelerations 

Velocities  have  both  direction  and  magnitude,  they 
are  vector  quantities.  They  can  therefore  be  graphic- 
ally represented  by  straight  lines  whose  directions  and 
lengths  represent  the  directions  and  magnitudes  of  the 
velocities. 

Forces  are  also  vector  quantities,  and  all  theoivms 
concerning  the  composition  and  resolution  of  forces  are 
i-qiially  applicable  to  velocities. 

A  an  example  con  idrr  the  following  illustration  of 
the  parallelogram  of  velocities: 
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FIG.  13 


In  Fig.  13  assume  MN  to  represent  a  flat  car,  and  A 
a  man  walking  upon  it  with  a  velocity  represented  by 
AB.     If  the  man  continued  walking 
with    a    constant   velocity   AB,    he 
would   in   one   second  find    himself 
at  B. 

Assume  now  that  the  man  does 
not  walk  upon  the  car,  but  that  the 
car  moves  with  a  velocity  repre- 
sented by  AC.  If  the  car  now  con- 
tinues uniformly  for  one  second,  it 
will  occupy  the  position  PQ,  and 
the  man  would  be  at  C. 

If  both  motions  occur  simultane- 
ously, then  the  man  will  in  one 
second  find  himself  at  D,  a  vertex  of  the  parallelogram 
A  BCD,  and  the  man's  actual  velocity  (the  resultant 
velocity  due  to  the  components  AB  and  AC)  will  be 
AD,  the  diagonal  of  the  parallelogram. 

EXERCISE  58.  Velocities  of  6  ft.  per  sec.  and  10  ft.  per  sec. 
are  impressed  upon  a  particle.  Find  the  resultant  velocity  if 
the  angle  between  the  velocities  is  90°.  What  are  the  greatest 
and  least  values  of  the  resultant,  the  angle  between  them  being 
varied  at  will  ? 

EXERCISE  59.  A  particle  has  a  velocity  of  15  ft.  per  sec. 
wh ifh  is  resolved  into  two  components  at  right  angles.  The 
magnitude  of  one  component  is  9  ft.  per  sec.;  find  that  of  the 
other. 

EXERCISE  60.  The  resultant  of  two  velocities  of  3  ft.  per 
sec.  and  5  ft.  per  sec.  respectively  is  a  velocity  of  7  ft.  per  sec. 
Find  the  angle  between  the  two  velocities. 

EXERCISE  61.  A  particle  has  velocities  of  3,  3,  and  5  units, 
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inclined  at  120°  to  each  other,  impressed  upon  it.     Find  the 
resultant  velocity  and  its  direction. 

EXERCISE  62.  Find  the  vertical  velocity  of  a  train  when 
moving  up  a  i%  grade  at  40  miles  per  hour. 

Accelerations  are  also  vector  quantities.  Therefore  the 
composition  and  resolution  of  accelerations  can  be 
performed,  as  already  explained  for  forces  and  veloci- 
ties. 

Relative  Motion 

The  position  of  a  particle  is  determined  by  its  distance 
from  some  point  of  reference.  As  the  point  of  reference 
is  assumed  at  will,  the  position  of  the  particle  is  relative 
to  the  point  of  reference.  Thus,  the  path  of  a  moving 
particle  is  always  referred  to  a  set  of  axes.  These  axes 
are  considered  fixed,  that  is,  are  assumed  to  remain  at 
rest.  Observations  show  that  nothing  in  the  universe 
is  at  rest,  absolutely  at  rest.  This  does  not  prevent  the 
assumption  of  rest  for  the  axes  of  reference,  but  it  should 
be  remembered  that  the  path  of  the  particle  is  not  its 
absolute  path,  but  only  its  path  relative  to  the  assumed 
axes,  or  relative  to  the  body  upon  which  the  axes  are 
drawn. 

Consider,  for  instance,  the  path  of  a  point  on  the  rim 
of  the  wheel  of  a  moving  wagon.  Relative  to  a  set 
of  axes  on  the  wheel  the  point  does  not  move,  its  path  is 
a  point;  relative  to  a  set  of  axes  on  the  body  of  a  wagon 
the  path  of  the  point  is  a  circle;  and  relative  to  a  set  of 
-  on  the  earth  the  path  is  a  cycloid.  Ordinarily  the 
earth  is  considered  at  rot  and  all  motion  relative  to  it 
i-  denoted  as  "absolute." 
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In  finding  the  velocity  of  a  body,  A,  relative  to  another 
body,  B,  it  is  only  necessary  to  subtract  the  velocity 
of  B  from  that  of  A,  for  this  is  equivalent  to  considering 
B  at  rest. 

To  illustrate  this  consider  a  bullet  rising  with  a  velocity 
u  and  a  balloon  ascending  with  a  velocity  v.  It  is  re- 
quired to  find  the  velocity  with  which  the  bullet  strikes 
the  balloon,  i.e.,  the  velocity  of  the  bullet  relative  to  the 
balloon.  Assume  the  balloon  and  bullet  both  ascending 
through  a  medium  moving  downward  with  a  velocity  v, 
then  the  absolute  velocity  of  the  balloon  will  be  zero 
and  the  relative  velocity  of  the  bullet  will  not  be  changed, 
for  the  motion  of  the  medium  affects  both  bodies  equally. 
The  bullet  will  under  the  assumed  condition  possess  an 
absolute  velocity  of  u — v,  and  as  the  balloon  is  now  at  rest, 
this  is  the  relative  velocity  required. 

Thus  reversing  the  velocity  oj  the  body  relative  to  which 
the  velocity  is  to  be  considered  and  adding 
it  .0  the  velocity  oj  the  other  body  gives  the 
required  relative  velocity  oj  that  body. 

Example. — A  steamer  is  sailing  north 
at  1 6  miles  per  hour  in  an  east  wind 
blowing  12  miles  per  hour.  Find  the 
apparent  direction  and  velocity  of  the  / 

wind  to  a  passenger  on  the  steamer.  , 

Solution. — Fig.  14  illustrates  the  prob- 
lem.   As  to  the  velocity  of  the  wind  rela- 
tive to  the  steamer  is  required,  reverse  the  velocity  of  the 
steamer  oa,  this  gives  oc\    add  this  to  ob,  the  velocity  of 
the  wind.     Hence  the  apparent  velocity  of  the  wind  is 
od  =  2Q  miles   per  hour,  and    its    apparent   direction   is 
tan"1  |  east  of  north. 
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EXERCISE  63.  Two  vessels  start  at  the  same  time  from  the 
same  harbor,  one  sailing  east  at  12  miles  per  hour  and  the 
other  south  at  9  miles  per  hour.  Find  the  velocity  of  the 
first  relative  to  that  of  the  second.  What  is  the  velocity  of 
the  second  relative  to  that  of  the  first  ? 

EXERCISE  64.  A  boat  is  propelled  at  12  miles  per  hour 
across  a  stream  flowing  at  5  miles  per  hour  in  a  direction  per- 
pendicular to  the  current.  Find  the  "absolute  velocity"  of 
the  boat. 

EXERCISE  65.  A  vessel  steams  due  north  at  10  miles  per 
hour.  The  apparent  direction  of  the  wind  is  N.  30°  W.,  and 
its  apparent  velocity  is  30  miles  per  hour.  Find  the  actual 
velocity  of  the  wind. 

EXERCISE  66.  A  man  walking  3  miles  per  hour  meets  a  car- 
riage moving  along  the  same  road  at  5  miles  per  hour.  Find 
the  apparent  v»~~Jty  of  the  man  to  a  person  in  the  carriage 
if  they  are  moving  in  (a)  the  same  direction,  (b)  in  opposite 
directions,  (c)  What  would  be  the  velocity  of  the  man  rela- 
tive to  the  carriage  if  they  are  moving  over  straight  roads 
intersecting  at  right  angles  ? 

EXERCISE  67.  The  hood  of  a  market -van  is  3.5  feet  above 
the  floor.  In  driving  through  a  shower  the  floor  is  wet  to  a 
distance  of  n  inches  behind  the  front  edge  of  the  hood.  As- 
suming the  rain-drops  to  fall  vertically  with  a  constant  velocity 
of  28  feet  per  second,  find  the  velocity  of  the  van  in  miles 
per  hour. 

EXERCISE  68.  A  steamer  is  moving  east  with  a  velocity  of 
6  miles  per  hour;  the  wind  appears  to  blow  from  the  north. 
The  steamer  increases  its  velocity  to  12  miles  per  hour,  and 
the  wind  now  appears  to  blow  from  the  northeast.  WThat  is 
the  true  direction  and  velocity  of  the  wind  ? 

EXERCISE  69.  A  train  moving  at  30  miles  prr  hour  is  struck 
bv  a  stone  moving  horizontally  and  at  ri^lit  angles  to  the  track 
with  a  velocity  of  33  feet  per  M-mnd.  With  what  velocity 
ihe  BtOne  -trike  llie  train? 
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CURVILINEAR  MOTION  OF  A  PARTICLE 

IN  the  treatment  of  curvilinear  motion  the  velocities 
and  accelerations  are  resolved  into  components.  Either 
axial  components  or  tangential  and  normal  components 
are  usually  employed. 

SECTION  IV 

AXIAL  COMPONENTS  OF  VELOCITY  AND  ACCELERATION 

These  components  are  parallel  to  the  two  rectangular 
axes  to  which  the  path  of  the  particle  is  referred. 


FIG.  15 

In  Fig.  15  let  MN  be  the  path  of  the  particle,  and  v 
its  velocity  at  the  point  P;  then  vx  and  vv  will  be  the  axial 
components  of  its  velocity. 
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As  v  is  tangent  to  the  path  at  P,  and  ds  is  an  element 
of  the  path, 

dy  dx 

sin  0  =  —    and     cos0=—  ; 


ds  I        rr*  V     v** 
and  as  v=—\(vx=±v  cos  0,  and  vv=v  sin  0,  it  follows  that 


dx  dy 

vx=-      and    vu  =  -^, 


If  ax  and  a^  be  used  to  denote  the  axial  components 
of  the  acceleration,  then  as  ax  and  ay  are  the  rates  of 
change  of  vx  and  vy  respectively,  and  we  have 


dt  ~dt2 
dvw    d2y 

and  a^df=dF- 

The  magnitude  and  direction  of  the  actual  velocity  of 
the  particle  is 

ds  vv 

V-j«VV»a+V    and    tan"1^. 

Similarly  for  the  actual  acceleration  we  have 
a=Vax2+ay2    and    tan"1—  • 

&x 

Example.  —  ^The  parametric  equations  of  the  path  of  a 
particle  are 

x  =  a  cos  /,  ) 

.    .        Y  where  a  and   b  are  constants. 
y  =  b  sin  /,  ) 
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Find  the  rectangular  equation  of  the  path,  the  magnitude 
and  direction  of  the  velocity  and  acceleration  at  any 
time. 

Solution.  —  The  parametric  equations  of  the  path  in- 
volve in  addition  to  the  variables  #and  y  a  third  variable, 
/.  To  find  the  rectangular  equation  of  the  path  this 
third  variable  must  be  eliminated. 


Thus 


x  Va2-x2 

,  cos  /==—  ,  .'.  sin  /=v  i  —  cos2/  =  --  , 


and 


or 


_ 

a?    P 


is  the  rectangular  equation. 
To  find  the  velocity  we  have,  from 

x  =  a  cos  /        and       y  =  b  sin  /, 


dx 

dt 


,  dy 

and     vy  =  -r- 

dt 


.'.  v  = 


cos2/  = 


and  if  0  is  the  angle  its  direction  makes  with  the  re-axis, 

vv        b  cos  t        b2x 

tan<9  =  — = —  =  -—-. 

vx        a  sin  /        a2y 

To  find  the  acceleration  we  have 


dv 

- 

at 


x  "v 

ax=--  =  —  a  cos  /    and     ay=  -7E=  —  b  sin  /, 

dt 
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so  that         a=\/a2  cos2/  +  b2  s'm2t=Vx2  +f. 
And  if  <j)  be  its  inclination  to  the  #-axis, 

a,,     b  sin  /    y 
tan0  =  -^  =  -     -=^-. 
ax     a  cos  t    x 

EXERCISE  70.  From  the  results  in  the  preceding  example 
find  the  velocity  and  acceleration  if  0=3  feet,  b=6  feet,  and 

/=—  seconds.     Draw  a  diagram  showing  the  results. 

From  the  above  it  should  be  noted  that  the  acceleration 
and  the  velocity  of  the  particle  do  not  have  the  same 

direction;  this  must  evi- 
dently be  the  case,  as  other- 
wise the  motion  would  be 
rectilinear. 

In  curvilinear  motion  the 
x      velocity  can  even  be  con- 
FIG.  1  6  stant   and   still  there  must 

be    an   acceleration.      The 

acceleration  then  changes  the  direction  0}  the  velocity  with- 
out changing  its  magnitude. 

EXERCISE  71.  Find  the  rectangular  equation  of  the  curve 
whose  parametric  equations  are: 


;y=a(i-cos/); 


EXERCISE  72.  Neglecting  the  resistance  of  the  air,  the 
equations  of  the  path  of  a  projectile  (Fig.  16)  are  x=v$t  cos0 
and  y=vot  sin  0—  i6/2,  where  2'0=initial  velocity,  0=anglc  of 


CURVILINEAR    MOTION    OF  A    PARTICLE  39 

projection  /  =  time  of  flight  in  seconds;  x  and  y  being 
measured  in  feet.  Find  the  magnitudes  and  directions  of 
the  velocity  and  acceleration  (a)  at  any  instant;  (b)  at  the 
end  of  the  first  second,  having  given  tfo=  100  ft.  per  sec., 

0=30°. 

EXERCISE  73.  If  a  point  referred  to  rectangular  coordinates 

C  x=r  cos  t  +  b 

moves  so  that    •(  ,  show  that  its  velocity  is  con- 

(  y=r  sin  t+C* 

stant.     What  is  its  acceleration  ? 

EXERCISE  74.  If  the  path  of  a  moving  point  is  the  sine 

!x=c 
,   show  (a)  that  the  x  component  of  the 
y=b  sin  ct 

velocity  is  constant;  (b)  that  the  acceleration  of  the  point  at 
any  instant  is  proportional  to  its  distance  from  the  axis  of  X. 
Is  the  motion  parallel  to  the  ;y-axis  simple  harmonic  ? 


SECTION  V 

TANGENTIAL    AND    NORMAL    COMPONENTS    OF    VELOCITY 
AND  ACCELERATION 

In  this  system  the  components  are  taken  along  the 
tangent  and  normal  to  the  path  of  the  particle  at  the 
position  of  the  particle  at  the  instant  considered. 

As  the  velocity  of  a  particle  is  always  along  a  tangent 
to  the  path,  the  tangential  component  of  the  velocity 
is  the  velocity  itself,  and  the  normal  component  is  zero. 

Thus  if  vt  and  vn  represent  the  tangential  and  normal 
components  of  the  velocity  v,  we  have 

ds 
v,=v=-     and    vn  =  o, 

where  ds  is  an  element  of  the  path. 
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Consider  now  the  components  of  the  acceleration. 
In  Fig.  17  let  PT  and  PN  represent  the  tangent  and 
the  normal  at  P,  a  the  actual  acceleration  of  the  particle 
at  P,  and  ax,  ay  its  axial  components. 

To  find  at  and  an  the  tangential  and  normal  accelera- 
tions respectively,  resolve  ax  and  ay  into  components 


FIG.  17 

along  PT  and  PN.    If  a  is  the  inclination  of  PT  to  the 
#-axis,  then 

at  =  a<x  cos  a  +  ay  sin  a 


and 


an  =  ay  cos  a  —  ax  sin  a. 


As  cos  a  =  -3-  and  sina  =— ,  where  ds  is  the  element 
as  as 


of  the  path  of  the  particle,  we  have 


at 


d?x  dx    d?y  dy 


dt2  ds 


ds 


and 


d?ydxd?xdy 
dt?  Ts~dP  ds' 
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These  expressions  may  be  greatly  simplified   in  the 
following  manner: 

Consider  first  the  expression  for  at\   here  we  may  put 


at    dt2  dt  ds+dt2  dt  ds      I  dt  dt2  +'dt  dt2  )  ds* 


_(Pxdxdt     d*y  dy  dt      j  dx  d2x  ^dy  d?y  |  dt 
~dt2  dt  ds^dt2  dt  ds~ 

and  as  v2  =  vx2  +vy2,  we  have 


at          dt  dt 

by  differentiation  we  obtain 

ds\d2s        dx\d2oc 


Kds\(Ps\  dt_(fa_dv 
dtdt2)  ds~dt2~dt* 


Note   carefully    that   in    curvilinear  motion,  although 
v  is  always  equal  to  —  ,  a,  the  acceleration^  is  not  equal  to 

d2s       dv 

—  or  —.     These   expressions  give   only   the  tangential 

component  of  the  actual  acceleration. 

For  the  simplification  of  an  it  is  necessary  to  introduce 
the  radius  of  curvature  (p)  of  the  path  at  P. 

The  value  of  p  is  usually  remembered  as 


p= 
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where  x  is  the  independent  variable.  For  the  present 
investigation  /  should  be  the  independent  variable.  To 
change  the  independent  variable  note  that 

dy 


^dx/      dx_  ' 

dt 
and  that 

d  /dy\     dx  cPy    dy  d2x 

d2y     d  idy\^d/dy\dt     dt\dx) _dt  ~dt2~~dt  dt2 
dx2~ dx\dx)  ~ dt\dx) dx~     dx  /dx\*        J 

dt  \dt) 

whence  by  substitution 


__ 

dx  d2y    dy  d2x       dx  d2y    dy  d2x 
dtdF~dld^       di di?~~di  dt2 

Returning  to  the  expression  for  an  we  may  write 

d2y  dx  dt    d2x  dy  dt 
an==dt?  dt  ds~  ~d^  di  ds 


d*ydxd2xdy}dt 
dt2  dt  ~dt2  dt  Ids 
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d-s     dv  v2 

Thus,  •'-jjp-dt  a?l=? 

d2s 
Notice  that  at  =  ~r^  is  not  the  whole  acceleration  but 

only  its  tangential  component. 

Example. — Find  the  acceleration  of  a  particle  moving 
in  a  circular  path  of  radius  r  with  a  constant  velocity  v. 


FIG.  i 8 


Solution. — Consider  the  particle  at  the  point  P  at  any 
time  /  (Fig.  18). 


Here 
Also 


> 

=  'v=-Tt    and    vn  =  o. 
dt 

dv 
=  — =  o,     as  v  is  constant. 


To  find  an  note  that  the  radius  of  curvature  of  a  circle 
at  any  point  is  constant  and  equal  to  r\  thus, 

V2       V2 


p      r 
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As  the  tangential  acceleration  is  zero  the  resultant 
acceleration  must  be  along  the  normal  and  equal  to  an. 
Also,  an  is  positive;  therefore  an  must  be  directed  toward 
the  center  of  curvature. 

v2 
The  acceleration  of  the  particle  is  thus  equal  to  — 

and  acts  towards  the  center  of  the  circle. 

Query.— Assuming  the  moon's  orbit  to  be  circular, 
what  is  meant  by  the  "moon  falling  towards  the  earth  "  ? 

EXERCISE  75.  A  particle  moves  in  a  circle  of  10  feet  radius, 
so  that  the  arc  described  equals  four  times  the  cube  of  the 
time.  Find  vt  and  vn  and  thus  find  the  velocity  2  seconds 
after  leaving  the  end  of  a  horizontal  diameter. 

EXERCISE  76.  Calculate  at  and  an  and  thus  find  the  accel- 
eration of  the  particle  of  Ex.  75. 

Why  is  this  acceleration  not  directed  towards  the  center  of 
the  circle? 

EXERCISE  77.  Compute  vx  and  vy  and  thus  v  for  Ex.  75. 
Compare  result  with  that  of  Ex.  75. 

Hint. — Find,  x  in  terms  of  0,  the  angle  described  by  the 
radius  drawn  to  the  particle;  .then  0  in  terms  of  s  and  then  in 
terms  of  /.  Similarly  for  y. 

EXERCISE  78.  Compute  ax  and  ay  and  thus  find  a  for  Ex. 
75.  Compare  result  with  that  of  Ex.  76. 

EXERCISE  79.  A  body  moves  so  that  vx=  i2t  and  vy=4t2— 9; 
find  x,  y,  the  equation  of  the  path;  v,  vn>  vt;  axt  ay,  a;  an> 
at,  a;  the  radius  of  curvature  of  the  path,  and  the  length  of 
the  path,  s.  Plot  the  results  for  /=3  seconds,  assuming  the 
origin  of  coordinates  at  the  position  of  the  particle  when 
I— a 
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SECTION  VI 
COMPOSITION  OF  SIMPLE   HARMONIC  MOTIONS 

The  methods  for  finding  the  resultant  motion  of  a 
particle  subjected  to  two  S.H.M  .  will  now  be  considered. 

Example. — To  find  the  resultant  of  two  S.H.Ms,  of 
equal  amplitudes  at  right  angles  to  one  another,  with  a 

phase  difference  of  -  and  of  the  same  period. 

Graphical  Solution. — Tn  Fig.  19  assume  gc  to  be  the 
path  of  the  particle  P  when  subject  to  one  of  the  S.H.Ms. ; 


FIG.  19 

then  the  circle  Of  is  its  circle  of  reference.  Let  ea  be 
the  path  of  P  when  under  the  influence  of  the  second 
S.H.M.  represented  by  the  circle  Oft '.  Assume  the 
particle  at  P  and  moving  towards  c  owing  to  its  S.H.M., 
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represented  by  the  circle  O'  ';  the  corresponding  point 
then  is  a',  and  its  phase  is  zero.  When  the  position  of 
the  particle  with  regard  to  the  motion  represented  by  the 
circle  O"  is  at  g"  its  phase  is  zero.  But  the  phases  of 

the  S.H.Ms,  should  differ  by  -;  therefore  the  position 

on  the  circle  O"  simultaneous  with  a'  is  at  a",  90°  in 
advance  of  g"  . 

Divide  the  circles  O'  and  O"  into  any  convenient  num- 
ber of  parts  and  letter  the  simultaneous  positions  a',  a"  \ 
b',  b",  etc.  Then  the  actual  position  of  the  particle  under 
both  motions  will  be  found  at  the  intersections  of  the 
projecting  lines  at  a,  b,  etc. 

The  resultant  motion  is  thus  seen  to  be  in  a  circle 
of  radius  equal  to  the  amplitudes  of  the  S.H.Ms,  and 
in  the  direction  abc. 

Analytical  Solution.  —  Consider  the  lines  gc  and  ae, 
Fig.  19;  as  the  x  and  y  axes  of  coordinates.  The  x  and  y 
displacements  of  P  are  then  given  by 

x  =  r  sin  cut 
and  =  r  sin 


(        *\ 

in  I  cut-}--  ), 


where  the  letters  have  the  same  significance  as  in  Section 
II,  page  29. 

These  equations  are  the  parametric  equations  of  the 
resultant  path  of  the  particle.  From  them,  by  the  elimina- 
tion of  cut,  we  obtain 


the  rectangular  equation  of  ilu-  ivsuluinl  path. 
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EXERCISE  80.  Find  the  magnitude  and  direction  of  the  re- 
sultant velocity  and  acceleration  of  the  particle  in  the  above 
example  assuming  the  period  as  J  second,  the  amplitude  as 
4  feet,  and  t=-fa  second. 

EXERCISE  81.  Find  the  resultant  of  two  S.H.Ms,  having 
equal  amplitudes  at  right  angles  to  one  another,  equal  periods, 
and 

(a)  being  in  the  same  phase; 

(b)  the  vertical  S.H.M.  lagging  by  — ; 

(c)  the  vertical  S.H.M.  lagging  by  n. 

EXERCISE  82.  Find  the  resultant  of  two  S.H.Ms,  having 
equal  amplitudes  at  right  angles,  equal  periods,  but  differing 

in  phase  by  — .     (Divide  circles  of  reference  into  24  equal 

parts.) 

EXERCISE  83.  Same  as  Exercise  82  but  one  amplitude  being 
twice  the  other. 

In  case  the  periods  o)  the  S.H.Ms,  to  be  compounded 
differ  it  is  simply  necessary  to  remember  that  the  angle 
described  by  the  corresponding  point  in  the  circle  of 
reference  varies  inversely  as  the  period. 

Example. — Find  the  resultant  motion  compounded  of 
two  S.H.Ms,  having  equal  amplitudes  at  right  angles 
but  whose  periods  are  as  four  to  five  and  which  differ 

in  phase  by  — . 

Solution. — This  is  illustrated  in  Fig.  20.  The  vertical 
S.H.M.,  circle  O",  has  a  period  £  of  the  horizontal 
S.H.M.,  circle  O';  therefore  O"  is  divided  into  20  parts, 
while  Of  is  'divided  into  only  16  parts,  as  the  angle  at 
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the  center  of  O"  must  be  f  of  the  corresponding  angle 
at  the  center  of  O'. 
Assuming  a'  as  the  starting-point  of  S.H.M.  O'  (phase 


FIG.  20 


being  zero),  a"  will  be  the  corresponding  point  of  S.H.M. 
O"  (phase  being  —  in  advance  of  a').     The  actual  motion 

of  the  particle  may  then  readily  be  followed  as  a,  b,  c, 
etc. 

EXERCISE  84.  Find  the  resultant  of  two  S.H.Ms.,  the  am- 
plitude of  the  vertical  one  being  \  of  that  of  the  horizontal 
one,  and  the  period  of  the  vertical  S.H.M.  being  §  of  that  of 
the  horizontal  S.H.M.,  their  phases  being  the  same. 

EXERCISE  85.  Same  as  Exercise  84  if  the  vertical  S.H.M. 

leads  by  — . 


CURVILINEAR    MOTION    OF    A    PARTICLE 


49 


EXERCISE  86.  Same  as  Exercise  84  if  the  vertical  S.H.M. 
leads  by  — . 

J    2 

EXERCISE  87.  Same  as  Exercise  84  if  the  vertical  S.H.M. 

leads  by  ^. 
4 

So  far  only  the  composition  of  S.H.Ms,  at  right  angles 
have  been  considered.  For  the  composition  of  S.H.Ms. 
in  the  same  line  the  Harmonic  Curve  is  used. 

Assume  a  particle  executing  a  S.H.M.  along  the  path 
.MN  (Fig.  21)  with  C  as  medial  position  and  O  as  circle 


FIG.  21 


of  reference.  Let  the  particle  be  at  C  and  moving 
upward  at  /  =  o,  while  P  is  its  position  at  /  =  /  when  y  is 
its  displacement.  Then  y  =  r  sin  0  =  r  sin  cut.  But 


=-7y  where  T  is  the  period;  therefore  y  =  r  sin  ^ 


Plot  the  curve  y  =  rsin  \~^}t,  using  the  horizontal  line 

as  /-axis  and  a  vertical  line  as  ;y-axis.     If  /  =  o,  then  y  =  o. 

T  /-\  T 

If    /  =  —  =  AB,    then    r  =  r  sin  (- I  =r;    if   /  =  —  =  AC, 

4  '  \2/  2 


then  y  =  o]    if  /  =  ' —  =  AD,  then  r=  —  r.     Intermediate 
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points  may  be  found  in  a  similar  way  and  the  harmonic 
curve  thus  plotted. 

Thus  it  is  seen  that  the  harmonic  (also  called  the  sine) 
curve  shows  at  a  glance  the  displacement  of  the  particle 
in  S.H.M.  at  any  time.  How  would  you  plot  this  curve 
graphically  ? 

EXERCISE  88.  Plot  the  harmonic  curve  showing  the  dis- 
placements of  a  particle  having  an  amplitude  of  5  feet  and  a 
period  of  2  seconds. 

The  composition  of  S.H.Ms,  in  the  same  line  is  effected 
by  plotting  the  harmonic  curves  corresponding  to  each 
S.H.M.  and  then  adding  the  displacements  at  the  same 
time,  as  shown  by  these  curves,  to  obtain  the  displacement 
of  the  resultant  motion. 

Example. — Find  the  resultant  of  two  S.H.Ms,  in  the 
same  line  if  the  amplitude  and  period  of  one  are  both 
twice  those  of  the  other  and  their  phases  are  the  same. 

Solution. — In  Fig.  22,  AB  shows  the  path  of  the  par- 


ticle  executing  one  S.H.M.,  MN  the  path  of  the  particle 
executing  the  other  S.H.M.;  tin-  rirrk-s  of  reference  are 
O'  and  O",  and  tin-  corresponding  harmonic  curves  a'b'cf , 
etc.,  and  a"b"<f',  etc.;  tin-  ivsullant  curve1  is  abct  etc. 
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The  distance  ax  =  a"x  +  a'x  and  cz  =  c'z  —  c"zy  etc. 

A  careful  study  of  the  resultant  harmonic  curve  will 
show  that  the  particle  under  the  influence  of  the  com- 
bined S.H.Ms,  moves  over  the  path  PQ  in  the  following 
manner:  Starting  at  O  it  moves  upward  to  Q,  then  down- 
ward to  O,  moving  very  slowly  as  it  passes  through  O, 
then  downward  to  P,  whence  rapidly  upward  through  O. 
The  particle  now  repeats  this  cycle,  so  that  its  motion  is 
still  periodic  although  not  harmonic. 

EXERCISE  89.  Find  the  resultant  of  three  S.H.Ms,  along 
the  same  line,  their  amplitude  being  to  each  other  as  i :  \ :  J, 
while  their  periods  are  as  njij  respectively,  the  first  and 
third  being  in  the  same  phase,  while  the  second  differs  from 
them  by  n. 

EXERCISE  90.  Find  the  resultant  of  three  S.H.Ms,  in  the 
same  line,  their  amplitude  being  to  each  other  as  i:J:  J,  while 
the  frequences  are  in  the  ratio  1:3:5  and  all  having  the  same 
phase. 

Exercises  89  and  90  will  prepare  the  reader  to  accept 
the  statement  that  by  the  proper  choice  of  a  number  of 
harmonic  curves,  their  amplitudes,  periods,  and  phases, 
and  by  compounding  these  any  periodic  curve  of  any 
complexity  may  be  built  up,  provided  the  curve  nowhere 
goes  to  an  infinite  distance  from  the  /-axis  and  the 
periods  of  the  component  motions  are  commensurate. 
This  fact  was  first  developed  by  Fourier,  and  the  state- 
ment is  usually  known  as  Fourier's  Theorem. 
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CHAPTER  III 
MOTION  OF  A  RIGID  BODY 

THE  bodies  now  to  be  considered  are  rigid,  i.e.,  the 
relative  position  of  the  particles  of  which  the  bodies  are 
composed  are  not  supposed  to  change. 

The  motion  of  bodies  will  be  considered  under  three 
heads:  i.  Translation;  2.  Rotation;  3.  Plane  Mot  ion  in 
General. 

SECTION  VII 

TRANSLATION  AND   ROTATION 
Translation 

Translation  may  be  def.ned  as  a  motion  in  which  the 
particles  of  the  body  all  describe  equal  parallel  paths  in 
the  same  time. 

From  this  definition  it  is  evident  that  if  a  body  pos- 
sesses a  motion  of  translation  only,  the  motion  of  any 
one  of  its  particles  fully  describes  the  motion  of  the 
body.  Therefore  the  principles  already  discussed  for 
the  solution  of  problems  relating  to  the  motion  of  parti- 
cles suffice  for  the  solution  of  problems  relating  to  a 
motion  of  translation  of  bodies. 

Rotation 

Rotation  may  IK-  dri'.nrd  as  I  he  motion  of  a  body  in 
which  the  particles  move  in  circles  the  centers  of  which 
lie  in  a  iixed  >traii;hl  line  called  the  axis  oj  rotation. 
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If  the  axis  of  rotation  pusses  through  the  body,  the  par- 
on   it  maybe  ron.-idiTed  as  moving  in  circles  of 
zero  radius  and  they  are  therefore  at  rest. 

The  planes  of  all  the  cirrlrs  di-x ribed  by  the  particles 
of  the  body  an-  perpendicular  to  the  axis  of  rotation. 
Any  one  of  these  planes  may  be  called  the  plane  of 
rotation. 

In  Fig.  23,  AI,  BI,  Ci  represent  particles  of  a  body 
rotating  about  O,  and  -1L>,  B2,  €2  the  same  particles  at 
some  subsequent  time. 

From  Fig.  23  it  is  evident  that  the  paths  described  by 
the  various  particles  in  a  given  time  are  not  of  the  same 
length.  But  if  the  body  is  rigid  the 
uncles  described  in  a  given  time  by 
llic  various  particles  oj  the  body  are 
equal.  Thus  in  considering  the  ro- 
t  at  ion  of  a  body  it  is  usual  to  deal 
not  with  the  distance  described  by 
any  portion  but  with  the  angle 
through  which  the  whole  body  has 
t  i  n-  d.  This  angle  is  equal  to  the 
angle  through  which  any  particle  has  turned.  It  is 
called  the  angular  displacement  of  the  body.  The 
angular  displacement  is  considered  positive  if  counter- 
clockwise. 

In  mechanics,  as  in  higher  mathematics,  angles  are  ex- 
clusively measured  in  radians.  This  measure  of  angles 
can  be  deduced  from  the  following  definition. 

An  angle  is  measured  by  the  ratio  oj  its  intercepted  arc 
to  the  radius  oj  this  arc.  Thus  in  Fig.  24  if  0  represents 
the  an^le  ABC,  s  the  length  of  its  intercepted  arc,  and  r 
the  radius  of  the  arc,  then 
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As  the  angle  changes  the  length  of  the  arc,  s,  also  changes, 
but  the  radius,  r,  remains  constant.  Thus  to  obtain  the 
unit  angle,  i.e.,  0=i,  the  arc  5 
must  be  made  equal  to  r,  for  only 

then  can  0=  -  be  equal  to  unity. 

The  angle  subtended  by  an 
arc  equal  to  the  radius  is  the 
unit  angle  and  this  unit  has  been 
named  the  radian. 

When  an  angle  is  designated  as  3  radians  it  means  that 
the  angle  subtends  an  arc  whose  length  is  three  times  its 
radius. 

Radians  may  readily  be  converted  into  degrees  by  not- 
ing that  an  angle  of  360°  would  intercept  an  arc  whose 
length  is  2nr  and  the  angle  of  360°  would  thus  be  meas- 
ured by  -  —  =  27r  radians. 

Or  we  may  state  that 

An  angle  of  360°=  2n  radians; 

27T 

i°  =  — radians  =0.01 74533  radian, 

and  i  radian  =  an  angle  of  f3     j  =57. 29578°  =  57°i7'45". 

In  mathematics  it  is  usual  to  omit  the  word  radian  in 
stating  the  value  of  an  angle. 

RCISE  91.  Find  by  means  of  trigonometric  tables  sin  J; 
tan  i ;  sin  3 ;  cos  5 ;  tan  100. 
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Angular  velocity  is  defined  as  the  time-rate  of  change 
of  the  angular  displacement.  It  is  usually  designated 
by  a>. 

l\         ft          A  f) 

Thus  w=   "  _fm  =  Tr  if  the  angular  velocity  is  con- 

*H          **Wl          ••  ** 

dO 
stant,  or  w  =  --  if  the  angular  velocity  is  variable. 

The  unit  o]  angular  velocity  is  obtained  if  the  rotating 
body  describes  an  angle  of  i  radian  in  i  second,  for  then  is 

i  radian 

a>= -7  =  1  radian  per  second. 

i  second 

The  sign  of  a>  is  considered  positive  if  the  body  turns  in 
the  counter-clockwise  direction. 

EXERCISE  92.  The  radius  to  a  particle  of  a  rotating  body 
at  2.55  P.M.  is  observed  to  make  an  angle  of  45°  with  a  hori- 
zontal line,  at  2.57  P  M.  its  angle  is  360135°.  Find  the  angu- 
lar velocity  of  the  body. 

EXERCISE  93.  If  a  rotating  body  makes  1350  revolutions 
per  minute,  what  is  its  angular  velocity  ? 

EXERCISE  94.  A  body  rotates  with  a  constant  angular 
velocity  of  3  radians  per  second;  how  many  revolutions  per 
minute  does  it  make  ? 

EXERCISE  95.  The  angle  through  which  a  body  turns  is 
given  by  the  equation  0=io/2+5.  Is  its  angular  velocity 
constant?  What  is  its  angular  velocity  when  t=o?  when  /= 
10  sec.  ? 

Angular  Acceleration  is  denned  as  the  time-rate  of 
change  of  angular  velocity.  It  is  usually  designated 
by  a. 
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*n~m 

rhusa=t,,-t~=F   or   «-df 

The  unit  of  angular  acceleration  is  obtained  if  the  an- 
gular velocity  increases  by  i  radian  per  second  in  i 
second,  for  then 

i  radian  per  sec. 

a  =  —  —  =  i  radian-per-sec.  per  sec. 

i  second 

The  angular  acceleration  is  positive  or  negative  as  the 
angular  velocity  increases  or  decreases. 

EXERCISE  96.  If  the  angular  velocity  is  observed  to  be  10 
radians  per  sec.  and  3  seconds  later  is  4  radians  per  sec.,  what 
is  the  angular  acceleration  of  the  body  ? 

EXERCISE  97.  A  body  rotates  in  such  a  manner  that  0= 
sin  Tit.  Find  its  angular  velocity  and  acceleration.  Find  the 
time  when  the  body  is  momentarily  at  rest  and  find  the  an- 
gular acceleration  at  these  times. 

EXERCISE  98.  Plot  and  interpret  the  "space-time",  "veloc- 
ity-time", and  "acceleration-time"  curves  for  the  body 
whose  motion  is  described  in  Exercise  97. 

If  a  body  rotates  with  a  constant  angular  acceleration, 
a,  and  at  the  time  /  =  o  possesses  an  angular  velocity  <•;,,, 
then  the  relations  existing  between  these  quantities  and 
0  and  a>,  the  angle  through  which  it  has  turned,  and  its 
angular  velocity  at  any  time  /  are  given  by 


at2 
6=  --  \-WQI 


(2) 
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These1  (.-(luations  should  be  compared  with  equations 
(i),  page  23. 

K \KRCISE  99.  Starting  with  the  differential  values  for  an- 
gular acceleration,  deduce  equations  (2). 

EXERCISE  100.  A  bodymakes  n  revolutions  per  second. 
Find  its  angular  velocity. 

EXERCISE  101.  A  wheel  starts  from  rest  at  i  P.M.  Find  its 
angular  velocity  at  i.io  P.M.  if  it  rotates  with  a  constant 
angular  acceleration  of  i  rad.-per-sec.  per  sec.  How  many 
revolutions  did  it  make  in  this  time  ? 

EXERCISE  102.  A  wheel  making  50  revolutions  per  second 
is  brought  to  rest  with  a  uniform  angular  acceleration  in  10 
seconds.  How  many  turns  does  it  make  before  coming  to 
rest? 

EXERCISE  103.  A  wheel  making  20  revolutions  per  second 
is  gradually  brought  to  rest  after  making  100  revolutions. 
What  was  its  angular  retardation  ? 


SECTION  VIII 

THE   VELOCITY   AND   ACCELERATION  OF   ANY  POINT  IN  A 
ROTATING   BODY 

In  Fig.  25,  let  O  be  the  axis  of  rotation  and  P  any 
point  in  the  body.    Let  the  radius  OP  be  r,  the  arc 
be  s,  and  the  angular  displacement  be  6.     Then 


or 


Also, 
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r        r 


or 


But 


The  results  to  be  remembered  are 

v  =  wr,     a<=ar,     and    an  = 


FIG.  25 

EXERCISE  104.  A  belt  passes  over  a  pulley  d  feet  in  diam- 
eter and  making  n  revolutions  per  minute.  Find  the  linear 
velocity  of  the  belt. 

EXERCISE  105.  A  wheel  6  feet  in  diameter  revolves  420 
times  per  minute.  Find  its  angular  velocity  and  the  linear 
velocity  of  a  point  1.5  feet  from  the  center.  What  is  the 
acceleration  of  this  point  ? 

EXERCISE  106.  A  coin,  radius  r,  rolls  along  a  table.  Find 
its  angular  velocity  if  the  linear  velocity  of  its  center  is  v\ 
find  tlu-  linear  velocity  of  the  highest  and  lowest  points  in  its 
circumference. 
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SECTION  IX 

PLANE   MOTION   IN   GENERAL 

Plane  Motion  is  defined  as  a  motion  in  which  each 
point  of  the  body  remains  at  a  constant  distance  from  a 
fixed  plane.  This  plane  or  any  plane  parallel  to  it  is 
called  the  plane  of  motion. 

EXERCISE  107.  Name  some  cases  in  which  a  moving  body 
possesses  plane  motion.  Can  rotation  be  included  under  the 
head  of  plane  motion  ? 

The  plane  motion  of  a  body  is  determined  if  the  motion 
of  any  two  of  its  points  are  known.  If  one  of  these 
points  be  fixed  the  motion  becomes  one  of  rotation  about 
this  point.  If  both  points  be  fixed  the  body  is  at  rest. 

Plane  Motion  Considered  as  a  Combined  Rotation  and 
Translation 

In  plane  motion  all  displacements  may  be  considered 
as  consisting  of  a  rotation  and  a  translation.  Thus  in 


FIG.  26 


Fig.  26,  if  AiBi  be  the  initial  and  A 2B2  the  final  posi 
tions  of  two  points  of  a  body,  we  may  regard  this  dis- 


6o 
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placement  to  have  occurred  by  rotation  about  any  point 
O,  due  to  which  A±B\  moves  to  A 'B',  and  then  by  trans 
lation  from  A'B'  to  A2B2. 

EXERCISE  108.     (a)  Select  any  point  above  A±B±  (Fi. 
as  the  center  of  rotation  and  show  how  the  displacement  from 
AiBi  to  A2B2  may  then  be  separated  into  a  rotation  and  a 
translation.     (£)  Similarly,  using  A  i  as  center,    (c)  Similarly, 
using  BI  as  center. 

Any  plane  motion  can  thus  be  considered  as  a  rotation 
about  any  point  and  a  simultaneous  translation.     In  Fig. 

27  let  O  and  P  be  any  two 
points  in  a  body.  Let  O  be 
taken  as  the  projection  of  the 
axis  of  rotation  on  tlic  plane 
of  motion.  Then  the  point 
P  will  in  general  possess  a 
motion  composed  of  a  rotation 
about  O  and  of  a  translation 
possessed  by  every  point  of 
the  body. 

Let  a>  and  a  be  the  angular 
velocity  and  angular  accck  ;; 
tion,  respectively,  of  the  body 
with  respect  to  O;  let  v  and 
a  be  the  velocity  and  acceleration  of  the  translation. 
Then,  as  shown  in  Fig.  27  (a),  O  will  have  a  velocity 
equal  to  v  only;  while  P  possesses  a  velocity  whose  com- 
ponents are  v  (due  to  the  translation)  and  atr  (due  to 
the  rotation  about  O).  In  Fig.  27  (b)  the  accrlrra lions 
of  O  and  P  are  shown.  O  possesses,  only  the  accelera- 
tion of  translation  a.  P  possesses  besides  thi-  uavk-ra- 


FIG.  27 
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tion  two  other  accelerations  due  to  the  rotation  about  O, 
the  tangential  acceleration  ar  and  the  normal  accelera- 
tion aPr  directed  as  shown. 

I.XI.RCISE  109.  A  body  possesses  a  motion  of  translation 
de-fined  by  v=io  ft.  per  sec.  directed  towards  the  east  and 
0=5  ft.-per-sec.  per  sec.  north.  It  also  possesses  about  a 
point  O  in  the  body  a  rotation  denned  by  cu=  —  3  rad.  per  sec. 
and  a=2  rad.-per-sec.  per  sec.  Calculate  the  actual  veloc- 
ities and  accelerations  of  the  points  (6,  -— j  and  (4,  —  J 

referred  to  the  point  O  and  the  radius  directed  towards  the 
east. 

EXERCISE  no.  A  rod  4  feet  long  possesses  a  velocity  of 
translation  of  10  ft.  per  sec.  at  right  angles  to  its  length  and 
an  angular  velocity  of  10  rad.  per  sec.  about  its  center.  Find 
the  actual  velocities  of  the  ends  and  center  of  the  rod.  What 
point  in  the  rod  would  be  momentarily  at  rest?  Could  the 
motion  of  the  rod  be  considered  as  a  pure  rotation  ? 

EXERCISE  in.  A  wheel,  radius  r,  rolls  upon  horizontal 
ground  with  a  constant  angular  velocity  oj.  Find  the  velocity 
of  any  point  on  the  rim.  What  will  be  the  velocity  of  the 
highest  point  on  the  rim  ? 

Notice  that  the  arbitrary  point  selected  as  center  of 
rotation  possesses  only  a  velocity  of  translation,  for  a 
rotation  about  a  point  cannot  affect  its  velocity.  There- 
fore if  any  point  be  selected  as  axis  of  rotation  its  actual 
velocity  must  be  the  velocity  of- translation  of  the  body. 

Consider  a  wheel  rollin;  along  horizontal  ground. 
(Draw  a  diagram.)  Let  the  velocity  of  the  center  be 
constant  and  equal  to  v.  If  we  consider  the  point  of  con- 
tact with  the  ground  as  the  center  of  rotation,  then  the 
velocity  of  translation  will  be  zero,  for  we  know  that  this 
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center  of  rotation  has  no  velocity.     If  w  be  the  angular 
velocity  of  the  wheel  about  the  selected  center  of  rotation, 

v 
then  a>  =  — . 

Now,  although  the  velocity  of  the  center  of  the  wheel, 
v,  and  cu  are  constant,  this  does  not  imply  that  there  exists 
no  acceleration.  Of  course,  as  at  is  constant  there  can 
be  no  angular  acceleration,  and  as  the  center  of  the  wheel 
moves  in  a  straight  line  with  constant  velocity  the  center 
of  the  wheel  can  have  no  acceleration.  But,  owing  to  CD, 
the  center  of  the  wheel  will  possess  an  acceleration  afir 
directed  vertically  downward  and  the  only  way  to  neu- 
tralize this  acceleration  is  to  impart  to  the  whole  wheel  an 
acceleration  of  translation  equal  and  opposite  to  the  accel- 
eration imposed  by  a>  upon  the  center  of  the  wheel.  Thus 
the  motion  of  the  wheel  can  be  regarded  as  a  rotation 
about  the  point  of  contact  with  the  ground  with  a  con- 
stant angular  velocity,  — ,  and  zero  angular  acceleration 

combined  with  a  translation  having  no  velocity  and  an 
acceleration  of  aPr  directed  vertically  upward. 

EXERCISE  112.  The  center  of  a  wheel  (radius  2  feet)  rolling 
on  horizontal  ground  possesses  an  acceleration  of  3  ft.-per-sec. 
per  sec.  If  it  starts  from  rest  what  will  be  the  velocities  and 
accelerations  of  points  on  the  rim  2  feet  and  4  feet  above  the 
ground  after  10  seconds? 

Solve  this  exercise  by  using  (a)  the  point  of  contact  with 
the  ground,  (b)  the  right-hand  end  of  a  horizontal  diameter, 
as  a  center  of  rotation. 
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Instantaneous  Rotation 

Motion  of  Connected  Points. — In  Fig.  28  (a)  consider 
the  velocities  i>i  and  v2  of  the  points  PI  and  P^,  which 
are  rigidly  connected  so  that  the  line  P\P2  cannot  change 
its  length.  The  velocities  vi  and  v2  can  each  be  resolved 
into  two  components,  one  parallel  and  the  other  perpen- 
dicular to  the  line  PiP2,  as  shown.  As,  by  hypothesis, 
the  distance  P\P2  cannot  change,  the  components  of  the 
velocities  along  P\P2  (i.e.,  P\M  and  P2N)  must  be  equal 
in  magnitude  and  have  the  same  direction. 


FIG.  28  (a)  FIG.  28  (6) 

Plane  motion  may  also  be  considered  as  an  instanta- 
neous rotation  about  an  instantaneous  axis  without  addi- 
tional translation.  That  this  is  so  becomes  evident  on 
considering  Fig.  28  (b).  Here  PI  and  P2  represent  any 
two  points  of  a  body  whose  velocities  are  respectively  vi 
and  v2.  If  we  draw  P\O  perpendicular  to  the  direction 
of  the  velocity  Vi,  we  can  assert  that  no  point  on  this 
perpendicular  will  possess  a  component  velocity  along 
PiO,  for  PI  possesses  no  such  component  and  all  points 
along  the  line  P\O  are  rigidly  connected  to  PI.  Simi- 
larly for  all  points  along  P2O.  Therefore  O  can  have  no 
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component  velocities  along  either  OP\  or  OP?.-  It  must 
therefore  remain  at  rest.  Thus  O  is  a  center  of  rotation 
for  the  motions  of  P\  and  P2  and  therefore  for  the  whole 
body  at  the  instant  under  consideration. 

The  line  in  a  moving  body  (or  in  its  extension),  all 
points  of  which  at  a  certain  instant  have  no  velocity,  is 
called  the  instantaneous  axis  of  the  body  and  its  foot  in 
the  plane  of  motion  is  the  instantaneous  center. 

In  general  this  instantaneous  center  continually  changes 
its  position.  The  locus  of  its  successive  positions  is 
known  as  a  centrode. 

Note  carefully  that  the  velocities  Vi  and  v2,  Fig.  28  (&)> 
are  not  independent  of  one  another.  If  a>  be  the  angular 
velocity  of  the  body  about  the  instantaneous  center,  O 
and  OPi  =  ri,  and  OP2  =  r2;  then 


and     vs 

Vi      V2 


, 
so  that 


Also  the  velocity,  v,  of  any  other  point  P  whose  distance 
from  O  is  r,  would  be 


and  its  direction  would  be  perpendicular  to  OP. 

To  illustrate  this  more  fully,  consider  the  finding  of 
the  instantaneous  center  when  two  positions  of  the  mov- 
ing body  are  given  instead  of  the  velocitLs  of  any  two  of 
its  points.  In  Fig.  29,  let  A\B\  and  A_B-2  be  the  initial 
and  final  position-  of  the  1  ody;  erect  perpendicular  bi- 
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sectors  MO  and  NO  to  AiA2  and  B\B2',  these  will  meet 
at  the  instantaneous  center,  O.  To  prove  this  it  must 
be  shown  that  ^A1OA2=  £BlOB2,i 
as  all  points  of  a  body  in  rotation 
must  describe  equal  angles  in  equal 
times  about  the  center  of  rotation. 

EXERCISE  113.  Give  a  geometric  proof 
of  the  correctness  of  the  above  construc- 
tion. 

If  now  several  positions  of  the  moving  body  be  known, 
an  instantaneous  center  may  be  found  for  each  successive 
displacement.  This  is  illustrated  in  Fig.  30,  where  the 


FIG.  30 

successive  instantaneous  centers  are  denoted  by 
2O3,  .  .  .  The  line  joining  these  instantaneous  centers 
will  be  the  centrode  of  the  body,  two  of  whose  points  are 
A  and  B. 
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The  closer  the  successive  positions  of  the  body  are 
taken  the  more  accurately  can  the  centrode  be  plotted. 
In  order  to  fully  imitate  the  actual  motion  of  the  body, 
its  successive  positions  must  be  taken  indefinitely  near  to 
one  another  and  thus  the  number  of  instantaneous  cen- 
ters will  be  indefinitely  increased. 

In  the  case  of  a  rolling  wheel  the  instantaneous  axis  is 
the  point  of  contact  with  the  ground  and  the  centrode  is 
the  path  traced  by  the  wheel  upon  the  ground.  The 
motion  of  the  wheel  may  also  be  considered  as  a  rotation 
about  its  axle  as  axis  combined  with  a  translation  parallel 
to  the  ground. 

EXERCISE  114.  A  ladder  slides  between  a  vertical  wall  and 
horizontal  ground.  Find  the  instantaneous  axis  for  several 
positions  of  the  ladder.  Find  the  centrode. 

EXERCISE  115.  Considering  the  motion  of  the  ladder  at  any 
instant  as  a  rotation  about  its  instantaneous  center,  find  the 
direction  of  the  motion  of  any  point  in  the  ladder. 

EXERCISE  116.  A  wheel  8  feet  in  diameter  rolls  along  the 
ground.  Find  the  height  above  the  ground  of  a  point  in  the 
circumference  moving  at  half  the  velocity  of  the  highest  point 
of  the  wheel. 

EXERCISE  117.  Find  the  instantaneous  center  for  several 
positions  of  the  connecting-rod  of  an  engine  whose  stroke  is 
2  feet  and  whose  connecting-rod  is  4  feet  long. 

EXERCISE  118.  If  the  velocity  of  the  cross-head  of  the  en- 
gine of  Exercise  117  is  10  ft.  per  sec.  and  the  crank  makes  an 
angle  of  60°  with  the  horizontal  find  the  velocity  of  the  crank- 
pin. 
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CHAPTER  IV 
KINETICS 
SECTION  X 

INTRODUCTION 

HAVING  studied  motion  in  the  abstract  under  the  head 
of  Kinematics,  due  regard  must  now  also  be  given  to  the 
mass  of  the  body  moved  and  the  force  producing  the 
motion.  This  part  of  Mechanics  is  known  as  Kinetics. 

In  the  study  of  Statics  we  were  introduced  to  the  term 
Stress.  When  one  portion  of  matter  acts  on  another  por- 
tion, then  the  whole  phenomenon  of  the  mutual  action 
of  the  two  portions  of  matter  is  called  a  stress.  Stresses 
sometimes  receive  special  names,  such  as  tension,  com- 
pression, torsion,  attraction,  or  repulsion. 

It  is  often  useful  to  concentrate  our  attention  upon  the 
one  or  the  other  of  the  portions  of  interacting  matter 
and  thus  consider  force  as  one  aspect  of  the  stress.  We 
then  speak  of  the  action  of  External  or  Impressed  Force 
upon  the  portion  of  matter  under  consideration,  and  we 
say  that  this  force  is  due  to  the  action  of  the  other  por- 
tion of  matter.  The  opposite  aspect  of  the  same  stress  is 
then  called  the  reaction  on  the  other  portion  of  matter. 

Thus  the  forces  denoted  as  action  and  reaction  are 
simply  different  views  of  the  same  stress.  This  may  be 
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likened  to  the  different  aspects  of  the  same  transaction 
expressed  by  the  correlative  terms  of  buying  and  selling. 

The  relations  of  matter,  motion,  and  force  which  con- 
stitute that  portion  of  Mechanics  known  as  Kinetics  may 
be  based  upon  three  postulates,  known  as  Newton's  Laws 
of  Motion.  These  laws  were  known  to  Galileo  and  other 
predecessors  of  Newton,  but  were  first  stated  in  concise 
terms  by  Newton. 

No  direct  proof  of  Newton's  Laws  is  possible.  The 
correctness  of  the  laws  is  established  by  assuming  the 
laws  true  and  then  testing,  by  experiment  or  observation, 
the  deductions  to  which  they  lead.  This  has  been  done 
in  so  many  ways,  by  so  many  observers,  that  their  accept- 
ance as  true  is  justified. 

This  has  been  particularly  the  case  in  astronomy.  For 
example,  the  Nautical  Almanac,  or  Ephemeris,  contain- 
ing the  positions  of  the  planets,  etc.,  for  each  day  and 
hour,  is  published  years  beforehand,  and  these  predictions, 
based  upon  Newton's  Laws,  are  always  found  to  agree 
with  the  occurrence  when  observed. 

Newton's  Laws  o]  Motion  deal  with  the  effect  of  ex- 
ternal or  impressed  forces  on  the  motion  of  bodies. 

The  first  law  deals  with  the  behavior  of  a  body  when 
no  external  forces  act  on  it. 

The  second  law  tells  how  the  external  force,  when  act- 
ing, may  be  measured. 

The  third  compares  the  two  aspects  of  stress,  i.e.,  action 
and  reaction. 

Newton's  First  Law.  "  Every  body  continues  in  its 
state  of  rest  or  uniform  motion  in  a  straight  line,  unless 
it  he  compelled  by  impressed  forces  to  change  (hat  state." 

This  law  is  known  as  the  law  of  Inertia,  for  it  states 
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that  a  body  cannot  of  itself  change  its  condition  of  rest 
or  motion.  It  may  be  stated  by  saying  that  matter  is 
inert. 

This  law  gives  us  a  definition  of  force,  for  it  says  that 
without  the  action  of  a  force  there  can  be  no  change  of 
motion. 

It  also  tells  us  how  a  body  will  move  if  no  external 
forces  act  upon  it. 

Newton's  Second  Law.  "Change  of  motion  is  pro- 
portional to  the  impressed  force  and  takes  place  in  the 
direction  of  the  straight  line  in  which  the  force  acts." 

This  law  gives  us  the  means  of  measuring  forces  and 
masses  and  calculating  their  effects. 

To  fully  understand  this  law  it  must  be  remembered 
that  by  the  term  " change  of  motion"  Newton  meant 
what  we  now  call  change  of  momentum  and  by  "  im- 
pressed force"  Newton  meant  the  impulse  of  the  im- 
pressed force-. 

Momentum,  or,  as  it  is  sometimes  called,  quantity  of 
motion,  is  defined  as  the  product  of  the  mass  of  the  mov- 
ing body  and  its  velocity. 

The  Impulse  of  a  force  is  defined  as  the  product  of  the 
force  and  the  time  during  which  it  acts. 

Therefore  Newton's  Second  Law  may  be  expressed 
algebraically  thus : 

Ft  oo;/ (v2—Vi), 

where  F  represents  the  external  force  acting,  /  the  time 
during  which  it  changes  the  velocity  of  the  mass,  m,  from 
Vi  to  v2. 

If  c  be  the  proportionality  factor,  we  have 
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also  F=cm-^— 


2  — 1 

where  — - —  is  the  acceleration  produced  by  the  force  F 
which  we  will  denote  by  a. 

.'.  F  =  cma. 

In  engineering  practice  the  unit  of  force  is  always 
taken  as  the  force  with  which  the  earth  attracts  a  certain 
lump  of  platinum  (marked  "P.S.,  1844,  i  lb.",  and  care- 
fully preserved  in  London).  This  force  is  called  a  pound 
and  this  force  is  our  unit  of  force. 

The  unit  of  acceleration  has  always  been  fixed  as  an 
acceleration  of  i  ft.-per-sec.  per  sec. 

The  units  of  force  and  acceleration  having  been  thus 
fixed  it  remains  to  determine  the  unit  of  mass. 

To  do  this  consider  a  freely  falling  body  of  mass  m  and 
weight  W.  Its  acceleration  is  £(  =  32.19  at  London)  ft.- 
per-sec.  per  sec.,  as  is  determined  experimentally.  The 
only  external  force  acting  upon  the  mass  m  to  produce 
this  acceleration  g  is  its  wreight  of  W  pounds. 

Therefore  adapting  the  formula  F  =  cma  to  this  case  we 
have 

W 

W  =  cmg    or    m  =  — . 
eg 

If  now  m  is  to  be  a  unit  of  mas?  and  c  is  to  be  unity 
(for  it  is  naturally  most  convenient  to  so  choose  the  unit 
of  mass  as  to  make  the  proportionality  factor,  c,  unity), 

W 
then  the  equation  m  —  —  can  only  hold  if  Wt  the  weight, 

v> 
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be   numerically    equal    U>   g  pounds,   for   only   then    is 
g 


Y7//.Y  means  that  the  unit  oj  mass  must  be  a  quantity  of 
matter  which  weighs  g(  =  J2.ip)  pounds.  This  unit  of 
mass  is  called  the  gravitational  unit  o]  mass,  sometimes 
also  the  engineer's  unit  oj  mass. 

Thus  a  lump  of  iron  weighing  10  g  pounds  is  attracted 
towards  the  earth  with  a  force  of  10  g  pounds  and  con- 

10  g 
tains =  10  gravitational  units  of  mass. 

EXERCISE  119.  What  is  the  mass  of  100  Ibs.  of  iron  and 
what  does  the  100  Ibs.  mean  ? 

The  fundamental  formula  of  Kinetics  is 
F  =  ma. 

It  is  a  direct  consequence  of  the  second  law7  of  motion. 
It  connects  the  acceleration,  a,  measured  in  jt.-per-sec. 
per  sec.,  communicated  to  a  mass,  m,  measured  in  gravi- 
tational units  of  mass,  with  the  external  force,  F,  meas- 
ured in  pounds,  which  acts  upon  the  mass. 

Example. — How  long  must  a  force  of  6  pounds  act  on 
a  mass  of  96  pound.,  in  order  to  generate  a  velocity  of  40 
ft.  per  sec.?  (#  =  32.) 

Solution. — Use  the  formula  F  =  ma.  Wre  can  find  the 
mass,  m,  of  the  body  for  a  body  weighing  96  pounds  con- 
tains |f  =  3  units  of  mass. 

The  force,  F,  is  6  pounds. 

,'.  6  =  30,     .'.  a  =  2  ft.-per-sec.  per  sec. 
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The  time  necessary  to  generate  a  velocity  of  40  feet 
per  sec.  starting  from  rest  with  an  acceleration  of  2  ft.- 
per-sec.  per  sec.  may  now  be  found  by  the  kinematical 
formula  v  =  at+Vo',  thus,  4o  =  2(/)+o  or  1  =  20  seconds. 
This  is  the  time  during  which  the  force  of  6  pounds  must 
act. 

EXERCISE  120.  A  force  of  4  pounds  causes  a  certain  mass 
to  move  from  rest  through  18  feet  in  3  seconds;  find  the  mass. 
How  much  does  this  mass  weigh  ? 

EXERCISE  121.  A  mass  of  64  pounds  originally  at  rest  is 
acted  on  by  a  constant  force  which  acts  for  5  seconds  and 
then  ceases  to  act;  the  body  moves  through  60  feet  in  the 
next  2  seconds.  Find  the  force. 

EXERCISE  122.  A  mass  of  200  pounds  is  acted  on  by  a  force 
of  10  pounds  for  20  seconds.  What  distance  will  the  mass 
have  passed  over  and  what  velocity  will  it  have  acquired  if 
its  initial  velocity  was  5  ft.  per  sec.  ? 

EXERCISE  123.  In  what  time  will  a  force  of  5  pounds  move 
a  mass  of  16  pounds  through  45  feet  along  a  smooth  horizon- 
tal plane  ? 

EXERCISE  124.  What  will  be  the  time  in  Ex.  123  if  the 
plane  be  rough  and  the  coefficient  of  friction  is  0.25? 

EXERCISE  125.  What  force  must  act  on  a  mass  of  48  pounds 
to  increase  its  velocity  from  30  to  40  ft.  per  sec.  while  it  passes 
over  80  feet  ? 

EXERCISE  126.  What  is  the  friction  force  if  a  body  weigh- 
ing 20  pounds  and  projecting  along  a  rough  horizontal  plane 
with  a  velocity  of  48  ft.  per  sec.  comes  to  rest  after  5  seconds? 

Newton's  Third  Law. — "To  every  action  there  is  al- 
ways an  equal  and  contrary  reaction,  or  the  mutual 
actions  of  any  two  bodies  are  always  equal  and  oppo- 
sitely directed." 

This  law  brings  to  our  attention  the  fact  that  a  force 
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is  simply  one  aspect  of  the  stress  existing  between  two 
portions  of  matter. 

EXERCISE  127.  Explain  how  this  law  is  applied  to  the  case 
of  a  horse  towing  a  boat. 

Is  the  following  statement  correct  ? 

"  The  forward  pull  exerted  by  the  horse  on  the  tow-rope 
is  exactly  equal  to  the  backward  pull  exerted  by  the  tow-rope 
en  the  horse." 

SECTION  XI 

DIGRESSION  AS  TO   THE   THEORY  OF  DIMENSIONS 

Every  physical  quantity  has  a  definite  magnitude. 
This  magnitude  we  may  not  in  all  cases  be  able  to  meas- 
ure with  great  accuracy,  yet  the  definiteness  of  the  mag- 
nitude of  the  quantity  remains. 

To  measure  a  physical  quantity  we  employ  a  certain 
fixed  amount  of  the  same  physical  quantity  which  we 
call  the  unit  of  thai  particular  quantity.  The  given  quan- 
tity is  then  said  to  be  equal  to  so  many  times  this  unit. 

Thus,  to  measure  a  certain  length  we  must  first  decide 
upon  a  certain  fixed  length,  say  the  foot,  and  then  deter- 
mine how  many  times  this  length  is  contained  in  the 
given  length.  If  the  unit  length  is  contained  x  times  in 
the  given  length,  we  say  the  given  length  is  x  units,  feet. 

It  is  thus  seen  that  the  result  of  the  measurement  of  a 
physical  quantity  must  consist  of  two  parts:  first,  a  pure 
number,  which  states  the  number  of  times  the  unit  is 
contained  in  the  given  quantity,  and  second  the  name  of 
the  unit  which  has  been  employed. 

When  we  write  the  formula  v  =  —  we  mean  not  only 
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that  the  number  of  units  of  velocity  is  the  number  of 
units  of  space  divided  by  the  number  of  units  of  time, 
but  there  underlies  this  mode  of  expression  a  tacit  under- 
standing that  we  adhere  consistently  to  some  definite 
system  of  units. 

So  that  the  formula  might  more  completely  be  written 

s  (feet) 
v  (ft.  per  sec.) 


/  (seconds)' 
This  is  usually  abbreviated  to 


where  the  v,  s,  and  /  represent  numbers  and  bracketed 
capitals  the  conventional  units  only. 
If  v,  s,  and  /  all  become  equal  to  i  ,  then  we  have 


[77 

This  equation  is  technically  known  as  an  Equation  of 
Dimensions. 

The  units  used  in  Mechanics  are  of  two  kinds,  funda- 
mental and  derived.  It  is  usual  to  assume  as  fundamental 
the  units  of  length,  mass,  and  time,  denoted  by  [L],  [.!/], 
and  [71],  and  to  consider  all  other  units  as  derived  from 
these. 

The  relation  by  means  of  which  we  derive  the  magni- 
tude of  the  unit  of  any  quantity  in  terms  of  tin-  funda- 
mental units  is  indicated  by  what  are  called  the  dimen- 
sions of  the  unit  in  question. 
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Thus  consider  the  unit  of  velocity.  Its  dimensional 
equation  has  been  found  to  be 

m=ta      -ML 

[T]  ~[TY 

]    or 

We  therefore  say  that  the  dimensions  of  velocity  are 
the  first  dimension  in  length,  zero  dimension  in  mass, 
and  the  minus  first  dimension  in  time,  or,  more  concisely, 
[LlM°T~l]  gives  the  dimensions  of  velocity. 

Again  if  we  indicate  the  unit  of  area  by  the  symbol  A, 
we  have  [4]  =  [Z,Z,]==[L2],  since  the  unit  of  area  is  a  square 
of  which  the  sides  are  each  of  unit  length,  and  since 
area  has  no  connection  with  mass  or  time,  we  may  state 
[A]  =  [L2MOT°],  which  by  the  laws  of  Algebra  reduces  to 
[A]=[L*]. 

Similarly  the  dimensions  of  volume  are  [L3M°T°]. 

EXERCISE  128.  Deduce  the  dimensions  of  acceleration,  mo- 
mentum, impulse,  and  force  from  their  denning  equations. 

From  the  definition  of  an  angle  0  =  —,  page  53,  we  may 
deduce  its  dimensions  as  follows  : 


Putting  0,  s,  and  r  each  equal  to  unity,  we  have 


This  shows  that  an  angle  is  a  mere  number  and  has  no 
dimensions. 
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EXERCISE  129.  Find  the  dimensions  of  the  trigonometric 
functions. 

EXERCISE  130.  Find  the  dimensions  of  angular  velocity, 
angular  acceleration,  normal  acceleration. 

Dimensional  Equations  are  of  use  in  two  ways: 

(1)  They  afford  a  check  on  the  accuracy  of  the  line  of 
reasoning  by  means  of  which  we  have  deduced  an  equa- 
tion connecting  any  physical  quantities.     For  since  it  is 
impossible  to  compare  physical  quantities  wrhich  are  not 
of  the  same  kind,  it  follows  that  the  dimensions  of  the 
two  sides  of  any  equation  connecting  physical  quantities 
must  be  the  same. 

(2)  They  afford  a  means  by  which  we  can  convert  the 
magnitude  of  any  physical  quantity  expressed  in  terms 
of  the  units  belonging  to  one  system  into  those  of  any 
other  system. 

The  first  use  is  of  great  importance  and  should  always 
be  used  to  check  any  equation  between  physical  quan- 
tities which  we  may  deduce.  This  is  illustrated  by  the 
following  : 

Example. — Suppose  we  had  in  some  manner  reached 
the  conclusion  that  the  volume  of  water,  c,  which  passes 
any  point  of  a  stream  during  a  time,  /,  was  given  in  terms 
of  the  cross-section  of  the  stream,  a,  and  its  velocity,  v, 
by  the  equation 

c  =  va2t. 

Then  expressing  the  units  in  full,  we  have 

c[C}^V]a*[A*]t(T], 
and  putting  c,  v,  a,  and  /  equal  to  unity,  we  have 
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or  in  terms  of  the  fundamental  units, 


Here  it  is  seen  that  the  dimensions  of  the  quantities  on 
both  sides  of  the  equation  c  =  va2t  are  not  the  same,  there- 
fore the  equation  is  incorrect. 

In  fact  the  true  equation  is  c  =  vat. 

EXERCISE  131.  Test  the  last  statement  by  the  theory  of 
dimensions. 

In  applying  the  theory  of  dimensions  to  equations  it 
must  be  remembered  that  only  quantities  o]  the  same  kind 
can  be  added  or  subtracted  and  that  the  result  is  a  quantity 
oj  the  same  kind,  so  that 

[Z3]  +  [Z,3]  =  [L3]     and  not     2  [Z3], 

as  it  may  seem  by  Algebra,  for  the  statement  is  equiva- 
lent to 

["  cubic  feet"]+[a  cubic  feet"]     give     ["  cubic  feet"]. 
Also  if  logarithms  are  involved  in  an  equation  it  must  be 
remembered  that  only  the  logarithm  of  a  number  can  be 
taken  so  that  the  quantity  whose  logarithm  is  to  be  taken 
must  have  no  dimensions. 

EXERCISE  132.  Check  the  result  of  the  Example  on  page 
15,  both  in  the  exponential  and  logarithmic  form. 

EXERCISE  133.  Check  by  the  theory  of  dimensions  the 
equations 


v=ra)  cos 
a=  —raP  sin  (a;/  +</>), 
deduced  in  Section  II. 
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EXERCISE  134.  Check  result  of  Exercise  55. 
EXERCISE  135.  Check  equations  (i),  page  23,  and  equa- 
tions (2),  page  56. 

The  second  use  of  dimensional  equations  is  illustrated 
by  the  following  : 

Example.  —  Find  the  ratio  between  the  F.P.S.  and  the 
C.G.S.  unit  of  velocity. 

The  former  is  i  ft.  per  sec.,  the  latter  is  i  cm.  per  sec., 
and  i  foot  =  30.48  cm. 


=  r  30.48  cm."!  =  ^      r 
L  second    J  L 


cm. 


"I 


second* 

.'.  the  F.P.S.  unit  is  30.48  times  the  C.G.S.  unit. 

EXERCISE  136.  How  many  F.P.S.  units  of  force  (poundals) 
is  a  C.G.S.  unit  of  force  (dyne)  equal  to?  Assume  i  gram= 
15.432  grains,  7000  grains=i  pound,  i  foot  =  3o.48  cm. 


CHAPTER  V 

KINETICS   OF  A   PARTICLE   AND   OF  THE   MASS- 
CENTER  OF  A  RIGID  BODY 

SECTION  XII 

EQUATIONS   OF   MOTION  FOR   TRANSLATION 

IN  Section  X  it  was  shown  that  a  particle  acted  on  by 
a  single  force  F  obtains  thereby  an  acceleration,  a,  in  the 
direction  in  which  the  force  F  acts,  and  that  if  m  be  the 
mass  of  the  particle,  the  formula  F  =  ma  connects  these 
quantities. 

If  the  particle  be  acted  on  by  several  forces  the  result- 
ing acceleration  may  still  be  found  by  means  of  the 
formula  F  =  ma,  provided  F  now  stands  for  the  resultant 
of  the  forces  acting  upon  the  particle,  found  by  means  of 
the  principles  of  "Statics". 

EXERCISE  137.  Find  the  acceleration,  and  its  direction,  of 
a  particle  weighing  64  pounds  which  is  acted  on  by  forces  of 
10,  20,  and  30  pounds  directed  towards  the  east,  northeast, 
and  30°  south-of-west,  respectively. 

Equations  of  Motion  of  a  Particle 

In  Fig.  31,  let  T7',  F",  ...  be  forces  acting  on  a  par- 
ticle whose  mass  is  m\  also  let  R  be  their  resultant  and 
0  its  inclination  to  the  x  axis. 
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Then  R  =  ma,  where  a  is  the  acceleration  produced  by 
the  forces  Ff,  F", .  .  .  ,  and  a  has  the  same  direction  as  R. 

Multiply  this  equation  by 
cos  6  and  sin  0,  respectively, 
then  R  cos  6  =  ma  cos  0 
and  R  sin  6  =  ma  sin  0.  But 
R  cos  0  =  IFX  and  R  sin  6 
=  2Fy  (by  the  principles 
of  "Statics")  and  a  cos  0 
=  ax  and  a  sin  0  =  ayi  where 
ax  and  ay  are  the  axial  com- 
ponents of  the  resulting 


FIG.  31 


acceleration; 
and     .JFu^m* 


These  are  the  equations  of  motion  of  a  particle. 

EXERCISE  138.  Find  ax  and  ay  due  to  the  forces  in  Exer- 
cise 137,  and  thus  find  a. 


in"' 

t 


Mass-center  of  a  System  of  Particles 

Consider  now  a  system  oj  particles.  If  the  distances 
between  the  particles  of 
the  system  remain  invaria- 
ble, the  system  is  said  to 
be  rigid  and  the  system  of 
particles  constitutes  a  rigid 
body. 

In  Fig.  32  consider  the 
rigid  system  composed  of  the 
particles  m',  m" ,  m"',  .  .  . 

Then  m'x't  .  .  .  and  w'v',  . 


r 

\y 

x'  \ 

y"' 

m" 

\u" 

X" 

X 

FIG.  32 
are  called  the  moments 
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of  the  masses  of  tin-  particles   about   the   respective  axes 
and  the  point  (x,  ~y}t  where 

JTmx 

x  =  —  —      and     y  = 
Im 

is  called  the  mass-center  oj  the  body. 

w 

As  m=> 


W 

_    Smx        gx    SWx 
=  2m  =      W   =  2W 

£ 

g 

,    •    -,     ,  -     SWy 

and  similarly  y 


.'.  the  mass-center  coincides  with  the  centroid,   already 
studied  in  " Statics". 


Equations  of  Motion  of  the  Mass-center  of  a  System  of 
Particles 

Among  the  forces  acting  on  the  system  of  particles, 
beside  those  exerted  by  the  particles  upon  themselves, 
some  may  be  exerted  by  particles  not  belonging  to  the 
system.  These  are  called  external  forces  to  distinguish 
them  from  the  internal  jorces  exerted  by  the  particles  of 
the  system  upon  themselves. 

According  to  the  third  law  of  motion,  if  one  particle 
exerts  a  force  upon  another,  the  second  exerts  an  equal 
and  opposite  force  upon  the  first.  The  internal  jorces 
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thus  always  occur  in  pairs  in  the  form  of  stresses  and 
cannot  affect  the  motion  oj  the  system  as  a  whole. 

Thus,  in  considering  the  motion  of  a  system  as  a  whole, 
only  the  external  forces  acting  upon  it  need  be  considered. 

Let  the  ^-components  of  the  accelerations  (due  to  the 
external  forces)  of  each  mass  of  the  system,  Fig.  32,  be 
ax',  ax",  -  •  •  ,  and  let  ax  be  the  component  acceleration 
of  the  mass-center,  then 


for  by  the  definition  of  mass-center  we  have 

wV+w'V.  .  .  =  x2m, 
by  differentiation 

,dx/       ,,dx"  dx 

m~T*  +m  -jr  +  -  •  .  =  -rr 

dt        '   dt  at 

and 


which  is  equivalent  to  m'ax'  +m"ax"  +  .  .  .  =  axlm. 

Now,  if  Fx,  Fx",  .  .  .  represent  the  ^-components  of 
the  external  forces  acting  upon  the  particles  m'y  m"t  .  .  .  , 
respectively,  then 


and  thus 


or  Far  = 

and  similarly,  VF,, 
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or  the  acceleration  oj  the  mass-center  oj  a  system  oj  par- 
ticles is  the  same  as  that  oj  a  particle  whose  mass  equals 
that  of  the  system  and  which  is  acted  on  by  jorces  equal  and 
parallel  to  the  external  jorces  applied  to  the  system. 

The  application  of  these  equations  of  motion  can  best 
be  understood  by  some  examples. 

Example. — A  body  rests  upon  a  smooth  horizontal  sur- 
face, its  weight  is  64  pounds, 
and  a  force  of  50  pounds 
inclined  at  6o*°  to  horizon 
acts  upon  it.  Find  the  acceler- 
ation and  the  reaction  of  the 
support. 

Solution. — Fig.  33  (a)  illus- 
trates the  problem.  In  Fig. 
33  (b)  the  body  is  shown  as 
a  " jree  body"  (with  all  ex- 
ternal jorces  acting  upon  it). 
Evidently  the  only  acceleration 


FIG.  33 


will  be  horizontal.     Therefore  select  the  position  of  the 
axes  as  shown. 

From 


and 

we  have 
and 

As 


-ZV  +  50  sin  60° -64  =  ^ 
.'.  ax  =  -2/  ft.-per-sec.  per  sec. 


=  64-50- 
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Example.  —  In  an  t-U-vator  arc  two  boxes  weighing  640 
and  800  pounds,  the  lighter  box  being  on  top  of  the 
other.  What  is  the  pressure  on  the  bottom  of  each 
box  if  the  elevator  is  started  up  with  an  acceleration  of 
4  ft.-per-sec.  per  sec.  ?  How  much  of  this  pressure  is 
due  to  the  accelerated  motion? 

Solution.  —  Fig.    34  (a)    illustrates   the   problem.     Fig. 
34  (6)  shows  the  lighter  box  as  a 
jree  body,  where  P  is   the   upward 
pressure  exerted  on  the  box  by  the 
(a)  lower  one  when  in  motion. 

Thus  as 


&40 


44 


.  P  =  640  +  80  =720  Ibs. 

Again  from  Fig.  34  (c), 


4=4      (C) 


A7"=ioo+8oo+P 
=  1620  Ibs. 


800 


FIG.  34 


If  an  elevator  were  at  rest  it  is 
evident  that  the  pressure  would  be 
640  on  the  bottom  of  the  upper 
box  and  1440  on  the  bottom  of  the  lower  box,  there- 
fore the  pressures  due  to  accelerated  motion  are 
720—640  =  80  Ibs.,  and  1620—1440=180  Ibs.,  respect- 
ively. 

EXERCISE  139.  What  is  the  tension  in  the  cable  supporting 
the  elevator  in  the  above  example  if  the  weight  of  the  elevator 
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is  neglected:  (</)  when  the  elevator  is  at  rest,  (b)  when  the 
ilrvator  is  in  accelerated  motion  a=  —  2  ft.-per-sec.  per  sec.f 
(r)  when  the-  elevator  is  moving  with  a  constant  velocity  of 
10  ft.  per  sec.? 

EXERCISE  140.  Same  as  Exercise  139  if  the  weight  of  the 
elevator  is  1500  pounds  (assume  the  system  considered  to  be 
composed  of  the  elevator  plus  the  two  boxes). 

EXERCISE  141.  If  the  weight  of  the  air  displaced  by  a  bal- 
loon (which  is  the  upward  force)  is  4800  pounds  and  the 
weight  of  the  balloon  is  4500  pounds,  with  what  acceleration 
does  it  begin  to  ascend?  How  long  will  it  take  it  to  ascend 
to  a  height  of  200  feet,  assuming  it  to  continue  with  the  start- 
ing acceleration  ? 

EXERCISE  142.  An  ice-boat  weighing  1000  Ibs.  is  driven  for 
one  minute  from  rest  by  a  wind  force  of  100  pounds.  Find 
the  velocity  acquired  and  the  distance  passed  over  if  the 
coefficient  of  friction  is  0.02. 

EXERCISE  143.  A  train  of  100  tons  is  running  at  the  rate  of 
45  miles  an  hour.  Find  the  constant  force  necessary  to  stop 
it  in  one  minute.  How  far  will  the  train  move  before  coming 
to  rest? 

EXERCISE  144.  What  pressure  will  a  man  weighing  150 
pounds  exert  on  the  floor  of  an  elevator  ascending  with  an 
acceleration  of  (a)  10  ft.-per-sec.  per  sec.,  (b)  32  ft.-per-sec. 
per  sec.  ? 

EXERCISE  145.  Same  as  Exercise  144,  but  the  elevator  de- 
scending with  an  acceleration  of  (a)  10  ft.-per-sec.  per  sec. 

(b)  32         "  "     " 

(c)  40  "     " 
EXERCISE  146.  If  the  elevator  in  Exercise  144  descends  with 

a  constant  velocity  for  100  feet,  what  will  be  the  pressure 
exerted  ? 
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APPLICATION  OF  THE  EQUATIONS   OF  MOTION 
FOR  TRANSLATION 


SECTION  XIII 

TRANSLATION  DUE   TO   CONSTANT  FORCES 
Motion  on  Inclined  Planes 

Example. — A  body  is  projected  up  a  smooth  inclined 
plane  with  a  velocity  of  40  feet  per  second.  If  the  in- 
clination of  the  plane  is  30°,  find  the  distance  that  the 
body  will  move  up  the  plane  before  coming  to  rest. 

Solution. — Fig.  35  (a)  illustrates  the  problem;  Fig. 
35  (b)  shows  the  body  as  a  "free  body". 


(a) 


IG-  35 

As  the  direction  of  motion  is  parallel  to  the  plane  take 
the  x-  and  y-axes  as  shown.  As  ax  is  the  only  accelera- 
tion, we  need  only  use  the  equation  2F=ax2m. 

W 

Thus,  —W  sin  ^o  =  axm,  but  m  = — ; 

o 

W        W  g 

.*.   -    —  =  ax —     or    ax=  — — . 
2          g  2 

This  acceleration  is  minus,  as  we  assume  the  direction  up 
the  plane  as  plus. 
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To   find    the   required    distance    use    the    kinematical 
formula 


=  2(-   M 


1600 
and  s  =  -  =  50  feet. 

EXERCISE  147.  A  body  is  projected  down  a  smooth  inclined 
plane  whose  height  is  ^  of  its  length  with  a  velocity  of  ;i 
miles  per  hour.  How  far  will  it  travel  in  2  minutes? 

EXERCISE  148.  A  body  weighing  30  pounds  falls  down  a 
rough  inclined  plane,  height  30  feet  and  base  100  feet.  If 
fi=  J,  what  is  the  velocity  acquired? 

EXERCISE  149.  Show  that  the  time  of  falling  down  any 
smooth  chord  drawn  from  the  highest  point  of  a  vertical  cir- 
cle is  the  same  as  the  time  of  falling  through  the  vertical  diam- 
eter. (Assume  any  chord  inclined  at  0  to  the  vertical  diam- 
eter and  show  that  the  time  is  independent  of  0.) 

EXERCISE  150.  A  trolley  car  at  the  top  of  a  hill  becomes 
uncontrollable  and  "runs  wild"  down  a  grade  of  i  vertical 
to  20  horizontal  a  distance  of  J  mile.  The  resistance  due  to 
friction,  etc.,  being  20  pounds  per  ton  and  the  weight  of  car 
and  passengers  50  tons,  how  fast  will  the  car  be  moving  when 
it  reaches  the  foot  of  the  hill  ? 

EXERCISE  151.  A  train  of  100  tons,  excluding  the  engine, 
runs  up  a  2%  grade  with  an  acceleration  of  i  ft.-per-sec.  per 
sec.  If  the  friction  is  10  pounds  per  ton,  find  the  pull  on  the 
draw-bar  between  the  engine  and  train. 

Projectiles  in  Vacuo 

Consider  a  ball  projected  into  the  air  where  resistance 
is  neglected,  or  into  a  vacuum. 
Let  the  initial  velocity  of  the  mass-center  of  the  ball 
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be  V0,  its  inclination  to  the  horizontal  6,  and  the  time  of 
projection  be  /  =  o. 

Consider  the  ball  as  a  free  body  at  any  subsequent 
time,  as  /  =  /.  The  only  force  then  acting  on  the  ball 
will  be  its  weight  W  pounds,  and  the  equations  uj  motion 


FIG.  36 

of  its  mass-center  referred  to  the  axes  shown  in  Fig.  36 
will  then  be 

o  =  max     and     —W  =  may,       .     .     .     (i) 

W 

where  m  is  the  mass  of  the  ball  and  equals  —  units  of 

mass. 

As  x  and  y  are  the  coordinates  of  the  position  of  the 
mass-center  of  the  ball  at  the  time  /,  we  have 


_(^y 

Therefore  by  equation  (i) 

fix  d*y 

,..,  =o    and     ~rir—  —&• 


KINETICS    OF    A    PARTICLE  QI 

Integrating  tlu-sc  equations  and  determining  the  con- 
stants of  integration  by  means  of  the  initial  conditions  of 
the  motion,  we  have 

vx=  —  =  v0cosO    and     vy  =  —  =  v0  sin  Q-gt,     (2) 

which  are  the  component  velocities  of  the  mass-center  of 
the  ball  at  any  instant. 

EXERCISE  152.  Complete  the  above  indicated  steps.  Are 
these  component  velocities  constant  ?  Deduce  the  actual 
velocity  at  any  instant.  What  is  its  direction? 

Integrating  the  above  equations  again  and  introducing 
the  values  of  the  new  constants  of  integration,  we  have 

X  =  VQ  cos  Q-t    and    y  =  vo  sin  6-t  —  %gt2.      .     (3) 

These  are  the  coordinates  of  the  mass-center  of  the  ball 
at  any  time  /  in  terms  of  the  constants  of  the  problem  and 
the  variable  time. 

They  are  the  parametric  equations  of  the  path  of  the 
projectile. 

EXERCISE  153.  Deduce  the  rectangular  equation  of  the  path 
of  the  ball  from  its  parametric  equations. 

The  above  equations  give  us  the  equation  of  the  trajec- 
tory 

gx2 
y  =  xi&nO—  — 5-3 (4) 

*  2V 02  COS2  0 

The  horizontal  range  of  the  projectile  is  the  distance 
AC  (Fig.  36)  and  the  time  required  to  reach  C  from  A 
is  called  the  time  oj  flight. 
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EXERCISE  154.  From  equation  (4)  deduce  the  range 
lR  =  -  j  by  putting  y=o  and  thus  finding  the  "inter- 

cepts on  the  X-axis". 

2      "         f\ 

EXERCISE  155.  What  value  of  6  in  R=  -  gives  the 

«*> 

maximum  range? 

EXERCISE  156.  By  the  Calculus  find  the  maximum  value  of 
y  from  Equation  (4).  This  gives  the  greatest  height  H= 
?'o2  sin2  0 

EXERCISE  157.  From  equation  (3),  knowing  the  abscissa  of 
B  (Fig.  36),  the  highest  point  reached  by  the  projectile,  to  be 

.  _     T'02  sin  6  cos  6                  .                         /        27-0  sin  0\ 
$R=  — ,  find  the  time  of  flight.     (  T=  — j. 

6  \  6  / 

EXERCISE  158.  In  Analytic  Geometry  it  is  shown  that  if  an 
equation  is  in  the  form 


the  curve  is  a  conic  section  and  its  nature  is  determined  by 
B2— 4/1 C.  If  this  quantity  is  <o,  =o,  or  >o  the  curve  is 
an  ellipse,  parabola,  or  hyperbola  respectively.  Examine 
eq.  (4)  by  this  method.  What  kind  of  curve  is  the  path  of  a 
projectile  in  vacuo? 

It  is  shown  that  the  trajectory  in  vacuo  is  a  parabola. 
In  air  the  path  of  any  small  dense  object  (a  ball  of  metal) 


FIG.  37 

having  a  moderate  initial  velocity  approximates  closely 
the  parabolic  path.     But  the  course  of  a  cannon-ball 
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moving  with  great  initial  velocity  is  much  affected  by  the 
resistance  of  the  air  and  its  trajectory  compares  to  the 
parabolic  path  somewhat  as  shown  in  Fig.  37. 
The  above  discussion  shows 

(a)  that  the  horizontal  velocity  of  a  projectile  is  con- 
stant, for  from  equation  (2) 

VX  =  VQ  COS  0', 

(b)  that  the  vertical  motion  of  a  projectile  may  be 
treated  as  a  case  of  vertical  projection,  for  the  formulae 

vy  =  v0  sin  0—gt, 
y  =  Vo  sin  0-t— 

correspond  to  the  formulae 


already  deduced  from  any  motion  under  constant  accel- 
eration, when  a=  —  g  and  VQ  =  VO  sin  0; 

2V02  sin  6  cos  0 
(c)  that  the  horizontal  range  is  -        -      —  =  (hon- 

6 

zontal  component  of  the  initial  velocity)  (time  of  flight). 

Example.  —  A  body  projected  at  an  inclination  of  45° 
to  the  horizon  from  the  top  of  a  tower  fell  in  5  seconds 
at  a  distance  from  the  foot  equal  to  the  height  of  the 
tower.  Find  the  height  of  the  tower  and  the  initial 
velocity. 

Here  the  time  of  flight  is  5  sec.  Let  the  initial  velocity 
be  v  feet  per  sec.  and  the  height  of  the  tower  x  feet. 

Then  Fig.  38  illustrates  the  problem. 
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Decompose  the  initial  velocity  into  vertical  and  hori- 


zontal components,  i.e.,  vsm4$=v- —  and  v  cos  45=* 
v— 

2 


-f 
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FIG.  38 

Then  as  Range  =  (horizontal  component  of  the  initial 
velocity),  (time  of  flight),  we  have 


Also,  as 


Solving  these  equations  for  v  and  x  we  have 

#  =200  feet     and     v  =  ^o\/2  ft.  per  sec. 

EXERCISE  159.  A  body  is  projected  with  a  velocity  of  20  ft. 
per  sec.  at  an  elevation  of  45°.  Find  its  greatest  height  and 
the  horizontal  range. 

EXERCISE  160.  A  20-pound  weight  is  dropped  from  a  win- 
dow of  a  car  traveling  over  a  bridge  at  the  rate  of  30  miK'^  an 
hour.  How  long  will  it  take  to  reach  the  water  75  feet  below  t 
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How  much  in  advance  of  its  position  when  dropped  will  it 
strike  the  water? 

EXERCISE  161.  A  body  projected  at  an  angle  of  60°  to  the 

horizon  with  a  velocity  of  40  ft.  per  sec.  strikes  the  perpen- 

irular  face  of  a  tower  at  a  horizontal  distance  of  20  feet 

from  the  point  of  projection.     Find  the  height  at  which  it 

strikes  the  tower. 

EXERCISE  162.  A  piece  of  ice  is  detached  from  a  roof, 
whose  slope  is  30°,  at  a  point  8  feet  from  the  eaves,  which  are 
24  feet  above  the  ground.  At  what  distance  from  the  vertical 
plane  through  the  eaves  will  it  reach  the  ground  ?  (Neglect 
all  friction.) 

EXERCISE  163.  At  what  angles  of  projection  is  the  horizon- 
tal range  equal  to  the  height  due  to  the  initial  velocity  ? 

EXERCISE  164.  A  nozzle  delivering  the  water  at  a  constant 
velocity  can  be  turned  to  any  angle  in  a  plane.  Find  the 
equation  of  the  curve  bounding  the  area  which  may  be  reached 
by  the  water,  assuming  the  parabolic  path. 

(Hint. — In  equation  (4)  consider  0  the  .variable  parameter 
and  find  the  envelope  of  the  resulting  family  of  parabolas.) 

Example. — A  ball  fired  with  a  velocity  u  at  an  incli- 
nation a  to  the  horizon  just  clears  a  vertical  wall  which 
subtends  an  angle,  /?,  at  the  point  of  projection.  Deter- 
mine the  instant  at  which  the  ball  just  clears  the  wall. 

Solution. — Fig.  39  illustrates  the  problem.  To  solve 
the  problem  find  the  equa- 
tion of  the  trajectory  and 
the  equation  of  the  line 
OB.  Their  intersection 
will  give  the  abscissa  of 
the  top  of  the  wall  B.  By 

dividing  this  distance  by  the  horizontal  component  of 
the  initial  velocity  we  obtain  the  time  required  to  reach 
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B  from  O.     Thus,  the  equations  of  motion  of  the  pro- 
jectile are 

o  =  ma  x    and      —w  =  may, 
or  ax  =  o         and        ay=  —g. 

By  integrating  and  determining  the  constants  of  inte- 
gration we  have 

vx  =  u  cos  a     and     vv=  —gt+u  sin  a. 
Integrating  again  we  have 

£/2 

x  =  u  cos  at    and     y=  -*j-  +u  sin  a/, 
and  the  equation  of  the  trajectory  is 


The  equation  of  the  line  OB  is 

y  =  xta.np  .......     (2) 

Solving  (i)  and  (2) 

2U2  cos2  (Y  (tan  a  -tan  /?)     2^2  cos  a  sin  (a  -/?)  t 
x^  g  gcosfi 

this  is  the  abscissa,  OC,  of  the  point  B. 

As  the  horizontal  component  of  the  velocity  of  projec- 
tion is  constant  and  equal  to  vx  =  u  cos  a  the  time  on 
reaching  B  will  be 

OC    2U  sin  («  -ft) 

Vx~  g  COS  P 

seconds  after  Iniving  O. 
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EXERCISE  165.  In  the  preceding  example  find  the  liorizontal 
distance  between  the-  foot  of  the  wall  and  the  point  where  the 
hall  strikes  the  ground. 

EXERCISE  166.  At  the  distance  of  a  quarter  of  a  mile  from 
the  bottom  of  a  cliff,  which  is  120  feet  high,  a  shot  is  to  be 
lired  which  shall  just  clear  the  cliff  and  pass  over  it  hori- 
zontally; find  the  angle  of  projection  and  the  velocity  of 
projection. 

EXERCISE  167.  A  stone  thrown  with  a  velocity  of  64  ft.  per 
sec.  is  to  hit  an  object  on  the  top  of  a  wall  19  feet  high  and 
48  feet  distant.  Determine  the  angle  of  projection. 

SECTION  XIV 

TRANSLATION  DUE   TO   VARIABLE   FORCES 
So  far  we  have  only  considered  the  application  of  the 
equations  of  motion  to  phenomena  involving  constant 
forces    which    produced    constant    accelerations    in  the 
masses  acted  on. 

The  equations  of  motion  are,  however,  always  appli- 
cable. When  the  forces  involved  are  variable  the  accel- 
eration produced  is  necessarily  variable  and  should  then 

always  be  represented  by  -  or  v~. 


As  an  example  let  us  consider  the  motion  of  a  particle 
P  of  mass   m  (Fig.  40)    acted    on 

by    a    force    F     always    directed  £_.._.*__    ?      A 

towards   a  fixed  point  C  and   pro-  —    J,  ^ 

portional    to    the    distance    of   P 

f          /-,  FIG.  40 

from  C. 

Here  the  motion  evidently  takes  place  in  the  straight 
line  joining  P  and  C.     Let  x  be  the  distance  from  P  to 

C;    then  the  accck-ration  of  P  may  be  put  equal  to  —  , 

dt 
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—  r,  or  V-7-,  wherein  v  is  the  velocity  of  P  at  a  distance 
dt  doc 

x  from  C  and  t  is  the  corresponding  time. 

As  F  is  proportional  to  x,  we  may  put  F=  —ex,  where 
c  is  the  proportionality  factor  and  the  sign  is  negative  as 
the  force  is  directed  to  the  left.  The  formula  F  =  ma 
thus  becomes 

dv 


(Why  is  this  particular  expression  for  the  acceleration 
selected?)     Equation   (i)  must  now  be  integrated  and 
solved  for  v. 
Thus  —cxdx  =  mvdv, 

ex2       v2 


where  C\  is  the  constant  of  integration.  To  determine 
this  constant,  we  must  return  to  the  physical  conditions 
of  the  problem.  We  will  suppose  that  P  started  from 
rest  at  a  distance  a  to  the  right  of  C  ;  thus,  note  that  when 
x  =  a,  v  =  o.  Substituting  these  values  in  equation  (2) 
we  have 


CX2          V2      CO? 

so  that  (2)  becomes    ~~~==m~'~~~' 
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Consider  the  velocity  of  P  as  determined  oy  equation 
(3)  for  various  values  of  x. 

Make  x > a;  then  v  has    an    imaginary    value 

(does  not  exist). 

"      x  =  a\  "    v  =  o. 

"      x<a  but  >o;         "    v  has  either  a  positive  or  neg- 
ative value. 


11 


m 

x<o  but  >  —  a;     "    v  has  either  a  positive  or  neg- 
ative value. 

x=  —  a;  "    v  =  o. 

x  <  —  a ;  "     v  has  an  imaginary  value. 


From  this  we  learn  that  P  has  an  oscillatory  motion  of 
amplitude  a  with  C  as  central  position.     From  equation 

dv         c 

(i)  we  note  that  v—  =  --  x.  or  the  acceleration  is  pro- 
dx         m 

portional  to  the  displacement,  and  therefore  the  particle 
possesses  simple  harmonic  motion  (see  page  29). 

From  equation   (3)   by  substituitng  v  =  j7  and  inte- 

dt 

grating  we  obtain  x  as  follows: 
dx 


\c 
o  =  \J  ~dtt 

—2      >w 


'  Va?  -x2 
or  J-/  =  sin-1-+C2, (4) 
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where  €2  is  the  constant  of  integration.  Assuming  that 
we  reckon  /  from  the  instant  at  which  P  starts  from  A, 
we  see  that  when  /  =  o,  x  =  a.  Therefore  by  substitution 
in  (4)  we  have 

o  =  sin~1  i  +C2,    .*•  C-2=  —sin"1  i  =  -  —  . 
Thus  as  the  value  of  x  we  obtain 


Queries:  What  are  the  characteristics  of  a  force 
producing  S.H.M.  ?  In  the  preceding  solution  are  the  e 
other  values  of  C^  and  therefore  other  values  of  x  ? 

Equations  (3)  and  (5)  give  the  relation  between  the 
velocity  and  the  displacement  and  between  the  displace- 
ment and  the  time  respectively. 

EXERCISE  168.  Obtain  from  equation  (5)  a  relation  be- 
tween the  velocity  and  the  time  of  the  above  particle. 

EXERCISE  169.  Test  by  the  theory  of  dimensions  equations 
(3)  and  (5),  having  first  deduced  the  dimensions  of  cfrom  the 
equation  F=  —  ex. 

Undamped  Vibrations 

According  to  Hooke's  Law,  that  within  the  elastic  limit 
the  strain  is  proportional  to  the  stress,  we  may  assume 
that  the  force  exerted  by  a  spring  is  proportional  to  the 
distance  that  the  spring  is  compressed  or  elongated. 
Thus  in  Fig.  41  let  (a)  represent  a  spring  when  unloaded, 
(6)  the  same  spring  when  a  weight  of  W  pounds  is  at- 
tached to  its  end,  and  (c)  the  spring  \vlu-n  tlu-  \\vighl  is 
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displaced  by  a  force  of  F  pounds.  Here  /  is  the  natural 
length  of  the  spring  /•  is  the  elongation  due  to  the  weight 
W,  and  (c  +  a)  is  the  elonga- 
tion due  to  the  force  -F  plus 
the  weight  W. 

If  T  represents  the  tension 
of  the  spring  for  any  elonga- 
tion, y,  then 


or  1  =  cy\ 

but  we  know  that  when  T=W, 
then  y  =  e  by  Fig.  41  (b), 

W 


ce    or    c  =  —  , 


FIG.  41 


W 


and  T  =  —  y  for  any  elongation. 


The  force  -F  can  now  be  found  by  putting  y  =  a  +  e  and 

W 

thus  obtaining  T^—  (a  +  e),  which  is  the  tension  of  the 

6 

spring  in  (c),  and  as  this  tension  balances  F  and  Wy  we 
have 

W 

T  =  -( 

€> 


In  the  above  discussion  it  must  be  remembered  that  the 
weight  W  in  Fig.  41  is  at  rest. 

EXERCISE  170.  Assume  a  spring  3  feet  long,  fastened  at  its 
upper  end  to  a  firm  support,  to  be  stretched  6  inches  by  a 
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weight  of  12  pounds.  If  the  weight  be  now  displaced  a 
further  distance  of  3  inches  and  released,  show  that  the 
motion  will  be  simple  harmonic  and  deduce  the  equations 
describing  the  motion. 

EXERCISE  171.  Determine  the  time  of  a  complete  vibration 
of  the  weight  mentioned  in  Exercise  170. 

EXERCISE  172.  Solve  Exercise  170,  assuming  letters  instead 
of  numbers  for  the  constants. 

EXERCISE  173.  Find  the  relation  between  space  and  time 
for  the  motion  of  a  particle  of  mass  m  released  from  rest  at  a 
distance  a  from  a  fixed  point  and  subject  to  a  repulsive  force 
proportional  to  its  distance  from  the  fixed  point. 

Motion  Under  the  Law  of  Gravitation 

A  most  important  law  governing  variable  force  is  the 
law  of  gravitation.     The  law  states  that  the  attraction 
P  at  t=o  between   any  two   masses   is  directly  pro- 
portional to  the  product  of  the  masses  and 
inversely  proportional  to  the  square  of  the 
distance  between  their  mass-centers. 
att          As  an  example,  let  us  find   the  velocity 
•f  which  a  particle  of  mass  m,  falling  freely 

from  a  distance  SQ  from  the  center  of  the 
earth,  possesses  on  reaching  the  earth's 
surface. 

In  Fig.  42  let  R  be  the  radius  of  the 
earth  and  P0  the  initial  position  of  the 
particle,  while  P  is  its  position  at  any 
subsequent  time  /.  The  acceleration  of 
the  particle  at  P  can  then  be  expressed  by 

-7—,  where  v  is  its  velocity  at  P. 
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At  the  surface  of  the  earth  the  force  acting  upon  m 
would  be  W  =  mg,  its  weight.  Let  F  represent  the  force 
acting  on  m  at  P;  then,  according  to  the  law  of  inverse 
squares, 

Fee- —  — r^    or    F  =  - —    -T,; 

(s0-s)2  (so-s)2' 

but  when  (s0  -s)  =  R,    then   F  =  W, 

so  that  W  =  ~        or    C  =  WR2> 


WR2 
and  F  =  - 


Applying  the  equation  of  motion  IFy  =  aym   to   the 
particle  we  have 

WR2         vdv 
(s0-s)2~  U  ds  ' 

v  dv        gR2 

ds          (SQ  —S)2' 

Integrating,  we  have 
v2 


2  -*V     irI 


To  determine  C,  note  that  when  v  =  o,  s  =  o,  thus 


or 
•so  so 


or 


104  KINETICS 

At  the  surface  of  the  earth  s  =  (s0  —R),  and  we  obtain 
r2     R*g     R*K       I       P? 


EXERCISE  174.  From  the  above  equation  determine  the 
velocity  attained  by  the  particle  falling  freely  from  an  infinite 
distance  to  the  surface  of  the  earth.  Assume  the  radius  of 
the  earth  as  4000  miles. 

EXERCISE  175.  From  the  general  value  for  the  velocity 


derived  in  the  above  example  obtain  the  time  /  required  to 
fall  a  distance  s. 

EXERCISE  176.  Determine  the  time  it  would  take  a  particle 
of  mass  m  to  reach  a  center  of  force  attracting  it  with  a  force 
varying  inversely  as  the  square  of  the  distance  of  the  particle 
from  the  center  of  force  if  the  particle  starts  from  rest  at  a 
distance  b  from  the  center. 

EXERCISE  177.  A  particle  moves  in  a  straight  line  subject 
to  an  attraction  proportional  to  s~*.  Show  that  the  velocity 
acquired  in  falling  from  an  infinite  distance  to  the  distance  b 
is  equal  to  that  acquired  in  falling  from  rest  at  b  to  a  distance 

—  from  the  center  of  attraction. 
4 

SECTION  XV 

MOTION   OF   A   SYSTEM   OF   CONNECTED    TRANSLATING 
BODIES 

In  this  section  we  will  consider  the  accelerations  and 
stresses  existing  in  a  system  of  non-rigidly  connect  a  1 
masses  whose  only  motions  are  translations. 
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In  thoi-  problems  we  will  consider  the  pulleys  involved 
as  massless  and  their  pivots  as  frictionlcss,  so  that  no 
force  is  required  to  turn  them.  This  is  equivalent  to 
saying  that  the  tensions  in  the  strings  passing  over  such 
imaginary  pulleys  are  equal  on  both  sides  of  the  pulleys. 

The  method  of  procedure  in  problems  involving  the 
motion  of  non-rigidly  connected  masses  is  as  follows: 

ist.  Represent  the  unknown  tensions  and  accelera- 
tions by  letters. 

2d.  Find  the  relation  existing  between  the  accelera- 
tions involved  owing  to  kinematical  reasons. 
The  equations  so  obtained  are  called  Kinematic 
Equations. 

3d.  Consider  each  mass  as  a  "free  body"  and  apply 
the  equation  of  motion  to  each.  The  equations 
thus  found  are  the  Kinetic  Equations. 

4th.  See  that  the  number  of  equations  equals  the  num- 
ber of  unknown  quantities.  If  the  equations 
are  too  few  in  number,  Static  Equations  must 
exist  at  some  massless  pulley  or  lever. 

5th.  Solve  the  resulting  equations. 

Example. — Two  masses,  m  and  2m,  are  connected  by 
a  string  passing  over  a  movable  pulley,  which  is  attached 
to  a  third  mass,  $m,  by  a  string  passing  over  a  smooth 
fixed  pulley;  find  the  tensions  in  the  strings  and  the 
acceleration  of  the  mass,  $m. 

Solution. — Fig.  43  illustrates  the  problem.  Let  the 
accelerations  of  the  masses,  m,  2m,  and  $m,  be  a\,  a2, 
and  a3,  respectively,  directed  as  shown,  and  let  the  ten- 
sions in  the  strings  be  T  and  T\. 

To  obtain  the  kinematic  equations,  consider  the  accel- 
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erations  of  the  masses  m  and  2m  relative  to  the  pulley  P'. 

This  is  equivalent  to  con- 
sidering P'  at  rest,  and  thus 
the  accelerations  of  m  and 
2m  relative  to  P'  must  be 
equal.  As  the  acceleration 
of  P'  is  03  upward  (equal  to 
the  acceleration  of  ^m),  we 
have 

02+03  =  01 —  #3-      .       (i) 

Now   Fig.   44   shows   each 
mass  as  a  free  body.      As  m 


3m 


FlG.  43 


2m,  and  $m  are  the  masses  in  -gravitational  units  of  mass, 
the  weights  of  the  respective  masses  are  mg,  2mg,  and 
$mg  pounds.  Applying  the  equations  of 
motion  to  each  mass  we  have 


2mg-T=2ma2, 


.     (2) 
.     (3) 
and  3mg-Ti  =  sma3.        .     .     (4) 

In  equations  (i),  (2),  (3),  (4)  we  have 
five  unknowns,  i.e.,  a\,  a2,  #3,  T,  and  TV, 
we  thus  need  another  equation.  This 
equation  is  found  by  considering  the 
pulley  P1  ';  this  being  massless,  no  force 
is  required  to  accelerate  it  and  thus 

T!  =  2T  .....     (5) 
(5)   must    now   be 


Equations    (i)    to 
solved. 
Writing  (i)  in  the  form 


FIG.  44 


=  01  —  02 
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and  substituting  the  values  of  ai}  a2,  and  a3  from  equa- 
tions (2),  (3),  and  (4)  in  it  we  have,  after  eliminating  T\ 
by  means  of  equation  (5), 


17 
By  substitution  in  (2)  we  find 

-4 


EXERCISE  178.  A  weight  of  64  pounds  is  fastened  to  the  end 
of  a  string  ;  some  distance  along  the  string  another  mass  of  3  2 
pounds  is  attached.  The  string  then  passes  over  a  pulley  and 
to  its  other  end  a  third  mass  of  128  pounds  is  fastened.  Find 
the  acceleration  of  the  third  mass  and  the  tensions  in  the  vari- 
ous portions  of  the  string. 

EXERCISE  179.  A  pulley  hangs  from  a  spring  -balance.  A 
string  passing  over  the  pulley  has  weights  of  3  pounds  attached 
to  its  ends.  If  a  weight  of  3  pounds  be  added  to  one  end  of 
the  string,  what  will  be  the  increase  in  the  pull  registered  by 
the  spring-balance  ? 

EXERCISE  180.  A  body  whose  weight  is  6  pounds  rests  on  a 
smooth  table  and  is  drawn  along  by  a  weight  of  2  pounds 
attached  to  it  by  a  string  that  passes  over  a  smooth  massless 
pulley  at  the  edge.  Find  the  velocity  after  4  seconds. 

EXERCISE  181.  Two  masses  of  100  and  200  pounds  re- 
spectively are  fastened  to  the  ends  of  a  string  passing  over  a 
weightless  pulley.  Find  the  acceleration  of  the  combination 
and  the  tension  of  the  string  while  in  motion  and  when  the 
string  is  held  at  the  pulley  so  as  to  prevent  motion. 
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EXERCISE  182.  Two  equal  weights  are  connected  by  a 
string  7  feet  in  length,  one  of  them  resting  upon  a  smooth 
horizontal  table  3  feet  high  at  a  point  6  feet  from  the  edge 
where  the  string  passes  over  a  smooth  massless  pulley  to  the 
other  weight  hanging  freely.  In  what  time  from  rest  will  the 
first  weight  reach  the  edge  of  the  table  ? 

EXERCISE  183.  Weights  of  n  and  5  pounds  are  suspended 
from  the  extremities  of  a  cord  which  passes  over  a  pulley. 
What  is  the  velocity  of  either  weight  at  the  end  of  5  seconds 
from  rest  and  the  pressure  on  the  support  of  the  pulley  ? 

EXERCISE  184.  Suppose  that  a  stone  weighing  100  pounds 
is  placed  on  a  rough  horizontal  board,  the  coefficient  of  stat- 
ical friction  for  the  stone  and  board  being  0.25.  If  the  board 
is  moved  horizontally  with  an  acceleration  of  4  ft.-per-sec, 
per  sec.,  will  the  stone  remain  on  the  board  ? 


CHAPTER  VI 

CONSTRAINED  MOTION 

SECTION  XVI 

REACTION  OF  THE  CONSTRAINING  CURVE 

A  PARTICLE  is  said  to  be  constrained  in  its  motion  when 
it  is  compelled  to  move  along  some  given  fixed  curve. 

The  motion  of  a  particle  on  an  inclined  plane  already 
considered  in  Section  XIII  is  a  case  of  constrained  motion. 
The  motion  of  a  ring  sliding  on  a  wire  (curved  or  straight), 
or  of  a  stone  attached  to  one  end  of  a  string  the  other  end 
of  which  is  fixed,  are  examples  of  constrained  motion. 

No  new  principles  are  involved  in  the  treatment  of 
constrained  motion.  The  equations  of  motion  may  be 
applied  as  heretofore,  provided  the  body  is  considered 
as  a  "free  body".  In  fact,  this  must  always  be  done. 
Therefore  before  applying  the  equations  of  motion,  show 
all  the  forces  acting  upon  the  body;  these  naturally  in- 
clude the  reaction  of  the  constraining  curve. 

Example. — Find  the  reaction  of  a  smooth  constraining 
curve  upon  a  particle  of  mass  m  acted  on  by  forces  the 
sum  of  whose  horizontal  and  vertical  components  are  X 
and  Y,  respectively. 

Solution. — In  Fig.  45  (a)  let  MN  be  the  constraining 
curve  and  P  the  particle. 
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Fig.  45  (b)  shows  the  particle  as  a  "free  body";  here 
R  represents  the  reaction  of  the  curve  and  it  is  considered 
positive  when  directed  towards  the  center  of  curvature. 
As  the  curve  is  smooth,  R  is  normal  to  the  curve  at  P, 
the  position  of  the  particle  at  the  time  under  considera- 
tion. 


(a) 


(6) 


X 

FIG.  45 


Let  the  angle  between  the  tangent  PT  and  the  X-axis 
be  6.    Then  the  equations  of  motion  give 


and 


X—R  sin  6  = 
Y+R  cos  6  = 


To  solve  these  equations  for  R,  multiply  them  by  sin  0 
and  cos  6,  respectively,  and  subtract  the  first  from  the 
second;  then 

R  =  m(ay  cos  0  —  ax  sin  6}  +X  sin  0  —Y  cos  0. 

Here  (ay  cos  0-ax  sin  6)  is  the  normal  acceleration  (an) 
of  the  particle  taken  positive  when  directed  towards  the 
center  of  curvature  (see  page  40). 

0  -Y  cos  0; 
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this  is  the  force  exerted  by  the  constraining  curve  upon 
tlu-  particle. 

If  no  force  is  acting  upon  the  particle  at  the  instant 
under  consideration,  X  and  Y  in  the  above  example 
would  both  be  zero  and  the  reaction  of  the  curve  becomes 

v2 

R  =  man  =  m—. 
P 

Therefore  when  no  forces  act  upon  the  particle  the  reac- 
tion of  the  curve  is  due  wholly  to  the  mass  of  the  particle, 
its  velocity,  and  the  radius  of  curvature  of  its  path.  This 
reaction  is  necessitated  by  the  inertia  of  the  particle  by 
reason  of  which  it  tends  to  move  in  a  straight  line  with 
constant  velocity.  As  the  reaction  of  the  curve  is  always 
normal  to  the  path  it  cannot  affect  the  tangential  velocity; 
it  only  changes  th*e  direction  of  the  velocity  by  producing 
a  normal  acceleration. 

EXERCISE  185.  A  particle  of  mass  m  moves  along  the  par- 
abola x2=8y.  When  it  reaches  the  vertex  it  has  a  velocity  of 
10  ft.  per  sec.  If  no  forces  act  upon  the  particle  at  this  time, 
calculate  the  reaction  of  the  curve  upon  the  particle.  What 
force  does  the  particle  exert  upon  the  curve  ? 

EXERCISE  186.  If  in  Exercise  185  the  force  of  gravity  be 
taken  into  account  and  the  jc-axis  be  horizontal,  what  is  the 
pressure  on  the  curve  ? 

SECTION  XVII 
CENTRIPETAL  AND   CENTRIFUGAL  FORCES 

The  jorce  R  =  man  with  which  a  constraining  curve  acts 
upon  a  particle  to  keep  it  in  a  prescribed  path  is  called 
the  "centripetal  force"  because  it  always  acts  towards  the 
center  of  curvature  of  the  path.  In  Fig.  46,  assume  the 
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particle  to  move  between  guides,  as  shown;  then  the 
guides  act  upon  the  particle  in  the  several  positions,  as 
shown  by  the  arrows.  The  force  exerted  by  the  guides 
varies  with  the  square  of  the  velocity  and  the  radius  of 
curvature  of  the  path,  as  indicated  by 

V2 

R  =  man  =  m— . 
P 

By  Newton's  third  law  of  motion  action  and  reaction 
are  always  equal  and  opposite  in  direction.  Therefore, 
if  the  constraining  guide  acts  upon  the  particle  (Fig.  46) 


FIG.  46 

in  a  certain  direction  then  the  particle  reacts  upon  the 
constraining  guide  in  the  opposite  direction  with  equal 
force.  This  force  which  the  particle  exerts  upon  the 
guide  is  called  centrifugal  force. 

Thus  the  centripetal  force  acts  upon  the  particle  while 
the  centrifugal  force  acts  upon  the  constraint. 

EXERCISE  187.  Find  the  force  necessary  to  cause  a  particle 
weighing  96  pounds  to  move  in  a  circle  whose  radius  is  3  feet, 

(a)  if  the  particle  has  a  velocity  of  10  feet  per  second; 

(b)  ll   li   angular  velocity  of  the  particle  is  6  radians  per  sec. ; 

(c)  il   "   particle  makes  100  revolutions  per  minute; 

(d)  "   "   particle  moves  with  a  constant  velocity  and  de- 
><  rihcs  the  circle  in  5  seconds. 
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EXERCISE  188.  A  stone  weighing  one  pound  is  attached  to 
a  string  2  feet  long.  If  the  stone  rests  upon  a  smooth  hori- 
zontal planr  and  the  free  end  of  the  string  is  fastened  to  this 
plane,  find  the  tension  in  the  string  when  the  stone  makes 
100  revolutions  per  second  about  the  fixed  end  of  the  string. 

EXERCISE  189.  If  the  string  in  Ex.  188  will  bear  a  stress  of 
100  pounds,  find  the  minimum  time  of  one  revolution  of  the 
stone. 

EXERCISE  190.  What  is  the  weight  of  a  body  which  exerts 
a  force  of  10  pounds  upon  a  wire  30  feet  long  when  describing 
in  one  hour  upon  a  smooth  plane  a  horizontal  circle  with  the 
wire  as  radius? 

EXERCISE  191.  A  ball  weighing  64  pounds  revolves  in  a 
vertical  plane  in  a  circle  of  3  feet  radius.  Find  the  tension  in 
the  cord  restraining  the  ball  when  the  ball  is  at  its  highest  and 
lowest  position,  if  the  ball  makes  20  revolutions  per  second. 

Conical  Pendulum 

A  particle  suspended  by  a  weightless  thread  in  such  a 
manner  as  to  allow  its  moving  in  a  horizontal  circle  is 
called  a  Conical  Pendulum.  Fig. 
47  illustrates  this;  here  /  is  the 
thread  and  P  the  particle.  The 
path  of  the  particle  is  the  horizon- 
tal circle  whose  center  is  O  and 
whose  radius  is  OP  =  r.  While  the 
particle  describes  this  circle  the 
thread  generates  a  cone. 

If  the  velocity  of  the  particle  is  v, 
then  the  centripetal  force  necessary  to 
retain  it  in  its  circular  path  must  be 

v2 
m—,  where  m  is  the  mass  of  the  particle,  and  this  force  is 
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directed  towards  the  center  of  the  path,  O.  Fig.  48  shows 
the  particle  as  a  free  body;  the  forces  acting  upon  it  are 
r,  the  pull  of  the  thread,  and  W,  the  weight  of  the  par- 
ticle. The  resultant  of  these  forces,  PC,  must 
i 
cl_\p  be  the  necessary  centripetal  force  (m—  \  and 


\        must  act  along  the  radius  OP  (Fig.  47)  towards 
^    the  center  O.     This  shows  that  a  certain  relation 
exists  between  T  and  W,  and  also  between  T, 
W,  CP,  I,  and   r.     This  relation   can  be    obtained  by 
reason  of  the  similarity  of  the  triangles  in  Figs.  47  and  48. 

EXERCISE  192.  A  conical  pendulum  whose  length  is  /  and 
the  bob  of  which  weighs  w  pounds  revolves  n  times  per  second ; 
find  the  tension  in  the  thread. 

EXERCISE  193.  Find  the  semi-angle  at  the  vertex  of  the 
cone  described  by  the  thread  of  a  conical  pendulum  whose 
length  is  10  feet,  if  it  revolves  10  times  per  second.  How  far 
from  the  axis  of  revolution  is  the  bob?  What  "deviating" 
force  acts  upon  the  bob  ? 

EXERCISE  194.  The  revolving  balls  on  a  centrifugal  governor 
make  140  revolutions  per  minute.  The  distance  from  the 
center  of  each  ball  to  the  center  of  the  shaft  is  5  inches.  The 
balls  are  of  iron  (specific  gravity  7)  and  2  inches  in  diameter. 
Find  the  centrifugal  force  of  the  governor. 

Banking  of  Tracks 

A  railroad  train  rounding  a  curve  on  a  horizontal  track 
exerts  a  centrifugal  force  upon  the  rails  and  the  rails 
react  and  supply  the  necessary  centripetal  force  to  the 
train.  On  a  horizontal  track  the  whole  centripetal  force 
is  supplied  by  the  lateral  pressure  of  the  rails.  To  avoid 
this  the  track  is  banked. 
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Fig.  49  shows  a  section  of  a  banked  track.  The  forces 
acting  upon  a  train  upon  a  banked  track  are  its  weight, 
W,  the  normal  reaction  of  the  rails,  N,  supplied  through 
the  tread  of  the  wheels,  and  a  force,  F,  parallel  to  the 
banked  track  acting  upon  the  flanges  of  the  wheels. 

The  resultant  of  N,  W,  and  F  must  be  the  centripetal 
force,  Py  necessary  to  keep  the  train  moving  in  its  curved 
path.  If  a  train  has  a  certain  velocity,  the  resultant  of 
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W  and  N  will  be  the  centripetal  force,  so  that  F  becomes 
zero.  This  is  the  ideal  condition.  If  the  velocity  of  the 
train  is  greater  than  the  velocity  for  this  condition,  then 
F  acts  as  shown  in  Fig.  49;  if  less,  F  acts  in  the  opposite 
direction. 

In  banking  a  track  the  ideal  condition  is  sought ;  there- 
fore the  inclination  is  made  such  that  the  centripetal 
force  for  the  mean  velocity  of  the  trains  is  the  resultant 
of  the  normal  pressure  of  the  track,  AT,  and  the  weight 
of  the  train,  W. 

EXERCISE  195.  Find  the  angle  0  (Fig.  49)  for  the  ideal  con- 
dition of  F=o  in  terms  of  v,  the  velocity  of  the  train,  and  r, 
the  radius  of  the  curve. 
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EXERCISE  196.  How  much  should  the  outer  rail  be  raised 
on  a  curve  of  600  feet  radius  if  the  trains  round  it  at  30  miles 
per  hour,  the  gauge  of  the  road  being  4  feet  8 J  inches,  if  the 
force  exerted  by  the  rails  should  come  upon  the  tread  and  not 
on  the  flanges  of  the  wheels? 

EXERCISE  197.  Find  the  angle  at  which  the  surface  of  the 
water  in  a  basin  in  a  railway  coach  is  inclined  to  the  horizontal 
when  the  coach  rounds  a  curve  of  300  feet  radius  at  a  velocity 
of  20  miles  per  hour. 

Change  in  Apparent  Weight  Due  to  Earth's  Rotation 

Owing  to  the  rotation  of  the  earth  a  centripetal  force 
is  necessary  to  keep  a  body  upon  its  surface.  This  cen- 
tripetal force  is  furnished  by  a  component  of  the  weight 
of  the  body.  The  whole  weight  of  the  body  is  naturally 
not  needed,  otherwise  bodies  upon  the  earth's  surface 
would  have  no  apparent  weight.  As  it  is, the  whole  at- 
traction of  the  earth  for  a  particle,  which  would  be  the 
weight  were  the  earth  not  rotating,  is  not  its  apparent 
weight,  but  is  the  apparent  weight  plus  the  centripetal 
force  necessitated  by  the  rotation  of  the  earth. 

EXERCISE  198.  Assuming  the  equatorial  radius  of  the  earth 
to  be  20,926,000  feet  and  the  time  of  one  revolution  upon  its 
axis  to  be  86,164  seconds,  find  the  deviating  force  necessary 
to  keep  a  particle  of  mass  m  upon  the  earth's  surface  at  the 
equator.  If  the  apparent  acceleration  due  to  gravity  at  the 
equator  is  experimentally  found  to  be  32.090  ft.-per-sec. 
per  sec.,  what  would  be  the  acceleration  were  the  earth  not 
rotating  ? 

EXERCISE  199.  Assuming  the  radius  of  the  earth  as  R  and 
the  time  of  one  rotation  as  T,  find  the  component  of  the 
centripetal  force  affecting  the  weight  of  a  particle  of  ma»  w, 
the  particle  being  in  latitude  0.  Show  that  owing  to  the 
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earth's  rotation  a  certain  component  of  the  weight  of  a  par- 
ticle tends  to  move  it  towards  the  equator. 


SECTION  XVIII 

CYCLOIDAL   PENDULUM 

Example.  —  A  particle  is  constrained  to  move  along  any 
curve  MN  (Fig.  50)  under  the  action  of  gravity.  Deter- 
mine its  velocity  at  any  time. 

Solution.  —  Assume  the  particle,  whose  mass  is  m,  to 
start  at  (h,  k)  with  an  initial  velocity  VQ,  and  determine 
its  velocity  at  (x,  y). 


"'" 


FIG.  50  FIG.  51 

Fig.  51  shows  the  particle  as  a  free  body;  its  equations 
of  motion  are 

—R  sin  0  =  maxy 

R  cos  0-W  =  may. 
Eliminating  R  from  these  equations,  we  have 

— W  sin  6  =  m(ax  cos  6  +  ay  sin  6).    .    .     (i) 


From  Fig.  51,  note  that  sin  (N  ^  and  that  cos  0=  -j-, 
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where  ds  is  an  element  of  the  curve  MN.    Also  ^x  =  Ty 

&y 

and  av=d?' 
Thus  (i)  becomes 

^y_      (ffixdx    ffiydy\ 
W~  * 


As  fdx&x-          and 

we  obtain 


and  as  ds2  =  dx2+dy2    and     ~f: 


we  can  put 

m 


To  find  C,  note  that  v  =  ^o  when  ^c  =  /t  and  y  = 


2 

The  complete  integral  then  becomes 

Wk-Wy--(& -*<?)> 

whence 

.....     (2) 
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This  equation  shows  us  that  the  velocity  v  of  the  par- 

iclc  depends  only  upon  its  initial  velocity,  Vy,  and  the 

vertical   height  (k—y)  through   which   it  descends,    and 

i   wholly  independent  of  the  nature  of  the  curve  followed. 

EXERCISE  200.  Examine  equations  (i)  and  (2)  of  the  above 
example  by  the  theory  of  dimensions. 

EXERCISE  201.  What  dimensions  must  the  constant  of  inte- 
gration in  the  above  example  have  ? 

Example. — Find  the  pressure  exerted  by  the  constraint 
on  a  particle  of  mass  m  moving  within  a  smooth  circular 
tube  bent  into  a  circle  whose  radius  is  r  and  which  lies  in 
a  vertical  plane. 

Solution. — Under  the  above  conditions  the  particle,  m, 
is  constrained  to  move  in  a  circle;  let  its  path  be  that 
shown  in  Fig.  52. 


(h,k) 


FIG.  52 

Here  R,  the  reaction  of  the  tube  upon  the  particle,  may 
be  conveniently  found  by  applying  the  equations  of 
motion  along  the  tangent  and  normal  to  the  curve.  Thus, 

— W  sin  0 
R—W  cos  0  = 
dx 
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As   the   equation   of  the   path   is  x2  +  (r—  y)2  =  r2   or 
x2  =  2yr—y2,  we  have,  on  differentiating, 

xdx  =  r  dy—  y  dy. 

jlx__dy_  doc2       dy2 

•'*  r~y~  x  (r-?)2"*2"* 

Thus, 

dx2+dy2      dy2  I  Vdx2  +  dy2      ds\     dy 

(r-y)2+x2~  x2  V/0+ 

dy      doc      ds 

Therefore  -  =  —  . 

x     r-y     r 

So  that  £ 

ds        r 

mv2         r  —  y 

and  R  =  --  +  mg  —  -. 

r  r 

As  by  the  previous  example  v2  =  2g(k— 


EXERCISE  202.  Test  the  last  equation  in  the  above  example 
by  the  theory  of  dimensions. 

EXERCISE  203.  From  v2=2g(k—  y)  +*'o2,  deduced  above, 
determine  (a)  the  maximum  and  minimum  velocities  if  the 
particle  makes  a  complete  circuit,  (b)  the  height  at  which  the 
particle  comes  to  rest  if  it  dbes  not  describe  the  complete  circle, 
(c)  the  velocity  of  the  particle  at  any  time  if  it  started  from 
rest  at  the  highest  point  of  the  tube. 

EXERCISE  204.  Deduce  the  value  of  R  in  the  above  exam- 
ple directly  from  the  equations  of  motion  of  the  particle  with 
respect  to  the  x-  and  ;y-axes. 
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EXERCISE  205.  Find  the  pressure  exerted  by  the  particle  on 
the  tube  in  the  above  example  at  the  lowest  point  of  its  path 
in  terms  of  the  weight  of  the  particle,  if  (a)  it  starts  from  rest 
at  the  highest  point,  (b)  the  particle  exerts  no  pressure  on  the 
tube  at  its  highest  point. 

EXERCISE  206.  A  particle,  mass  m,  slides  upon  the  concave 
side  of  a  cycloid  (Fig.  53).  Assuming  it  to  start  from  rest  at 
(h,  k)  when  /=o,  determine  its  velocity  and  the  pressure  the 
particle  exerts  on  the  cycloid  at  any  point  (x,  y). 


FIG.  53 

EXERCISE  207.  What  pressure  will  the  particle  in  Exercise 
206  exert  on  the  cycloid  at  its  lowest  point  if  it  starts  at  the 
point  A,  Fig.  53. 

EXERCISE  208.  From  the  velocity  determined  in  Exercise 
206  find  the  time  the  particle  requires  to  fall  from  (h,  k)  to 
the  lowest  point  of  its  cycloidal  path. 

From  Exercise  208  we  notice  that  the  time  required  by 
a  particle  in  falling  from  any  point  (h,  k)  on  a  cycloid 

(Fig.  53)  to  its  lowest  point  is  TT\J— .    As  this  time  is  in- 

o 

dependent  of  h  or  k,  we  see  that  the  time  of  descent  does 
not  depend  upon  the  starting-point. 

Also,  from  the  value  of  v=\/2g(k—y),  as  determined 
in  Exercise  206,  we  see  that  m  will  rise  to  a  height  k  on 
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the  other  side  of  the  curve  in  TTV/—  seconds  from  its  low- 

g 

est  point.     Therefore  the  time  of  one  oscillation  is  : 

and  is  independent  of  the  point  on  the  curve  at  which 
the  motion  commences. 

Tautochronism  is  the  name  given  to  this  property;  the 
cycloid  is  therefore  called  the  tautochronous  curve  of  a 
heavy  particle. 

A  particle  may  be  made  to  move  in  a  cycloidal  path  by 
the  following  arrangement.  In  Fig.  54,  suppose  the  par- 


FIG.  54 

tide  m  to  be  suspended  from  O  by  a  weightless  inextensi- 
ble  thread  of  length  4^,  and  that  the  curve  AOB  repre- 
sents the  outline  of  two  cheeks  upon  which  the  thread 
om  may  wrap  itself  as  m  oscillates.  If  AOB  be  the  in- 
volute of  the  cycloid  AmB  (therefore  also  cycloidal  arcs) 
m  will  describe  the  cycloidal  path  AmB.  The  particle 


m  will  then  perform  its  oscillations  in  equal  times  I 

no  matter  what  may  be  itsamplitude  of  vibration.  The 
apparatus  just  described  is  known  as  a  Cycloidal  Pen- 
dulum. 
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SECTION  XIX 

SIMPLE   PENDULUM 

Return  now  to  the  consideration  of  a  particle  moving 
in  a  circular  path  under  the  action  of  gravity,  Fig.  55. 

Example. — What  time  does  a  particle  require  to  com- 
plete one  oscillation  if  it  moves  under  the  action  of 
gravity  in  a  circular  path  lying  in  a  vertical  plane  ? 


FIG.  55 

Solution. — Assume  the  particle  to  start  from  rest  at 
(h,  k)  and  let  its  mass  be  m.  Its  equations  of  motion 
will  then  be 


and 


doc 


d?y 


where  R  is  the  reaction  of  the  constraint. 

Eliminating  R  and  integrating  between  the  limits  y,  k, 
and  o,  v  we  obtain 

m 
y      2 


or    v  =  2- 
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ds 

And  as  v=-— 

at 

we  have  dt=     .  —  -7==  ......     (i) 

V2gv  k  —  y 

To  integrate  this  we  must  express  the  right-hand  member 
in  terms  of  one  variable.  This  is  done  by  means  of  the 
equation  of  the  path  of  the  particle,  which  is 


From  this  we  obtain 


doc      dy    ds 
—=  —  =-      (see  page  120), 


and  therefore 

rdy 


_     _  ^ 

\/2gVk-y(x)    V2gV(k-y)(2ry-y2)' 

This  expression  cannot  be  integrated  by  the  elementary 
methods  of  the  Calculus.  Its  integration  depends  upon 
the  properties  of  Elliptic  Functions.  Under  certain  con- 
ditions an  approximate  value  can  be  found  by  expanding 
the  expression  into  a  series  and  integrating  each  term 
separately. 

Thus,  assume  that  the  particle  moves  in  a  large  circle 

y 

and  that  it  never  moves  far  from  the  #-axis,  so  that  —  is 
a  small  fraction;  then  we  can  expand  the  integral  into 

y 

ascending  powers  of  —  by  the  Binomial  Theorem  as 
follows. 
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2          1      dy 

+•  •  • 


Integrating  each  term  separately  between  the  limits  o 
and  k,  we  have 


for  the  time  it  takes  the  particle  to  move  from  (h,  k)  to 
(o,  o),  Fig.  55,  where  T  is  the  time  of  one  oscillation. 

[k  d 

And  as  from  Fig.  55  we  obtain  \^—  =  sin  — ,  where  6  is. 

the  semi-angle  of  the  swing,  we  can  write 

^^g  *-         4  2        64  2        256  2  '  *J*     ^ 

EXERCISE  209.  Complete  the  indicated  steps  in  the  above 
example. 

EXERCISE  210.  Test  eq.  (3)  in  above  example  by  the  theory 
of  dimensions. 

The  conditions  of  the  above  example  are  fulfilled  in 
the  case  of  a  simple  or  mathematical  pendulum.  In 
this  contrivance  a  heavy  particle  is  suspended  by  a 
weightless  wire  which  constrains  the  motion  to  a  circular 
arc. 

As  the  time  of  one  oscillation  [T,  eq.   (3)]  depends 


i 
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upon  the  square  and  higher  powers  of  the  sine  of  the 
quarter  angle  through  which  the  particle  swings  (Fig. 
55),  we  may  for  small  oscillations  (3°  or  less)  neglect  all 
but  the  first  term  of  the  series  and  place 

*-*>£. (4) 

where  T  is  the  time  of  one  oscillation. 

EXERCISE  211.  Find  the  time  of  one  oscillation  of  a  simple 
pendulum  4  feet  long  by  equation  (3),  assuming  £=32.172 
and  the  angle  through  which  it  swings  as  (a)  i°,  (&)  =  5°, 

W  =  3°°- 

EXERCISE  212.  Same  as  Ex.  211,  but  by  the  use  of  eq.  (4). 

Compare  the  values  of  T  obtained  by  the  use  of  equations 
(3)  and  (4). 

We  thus  arrive  at  the  conclusion  that  jor  very  small  arcs 
the  oscillations  of  a  simple  pendulum  may  be  regarded  as 
isochronal. 

Solve  the  following  problems  by  the  use  of  eq.  (4). 

EXERCISE  213.  If  the  length  of  the  seconds  pendulum  at  a 
certain  place  is  39.04  inches,  find  the  acceleration  due  to  grav- 
ity at  that  place. 

EXERCISE  214.  If  £=32,  find  the  number  of  oscillations  a 
pendulum  one  foot  long  will  make  in  one  minute. 

EXERCISE  215.  A  clock  keeping  correct  time  at  a  place 
where  £=32.2  when  moved  to  another  place  loses  3  minutes 
a  day;  find  the  value  of  g  at  this  place. 

EXERCISE  216.  Assuming  r  as  the  radius  of  the  earth,  h  as 
the  height  of  a  mountain,  and  n  as  the  number  of  oscillations 
which  a  pendulum  beating  seconds  at  the  earth's  surface 
makes  at  the  top  of  the  mountain  in  24  hours,  show  that 

r  ,4x60x60^  i 

(          n  3 
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Hint. — Show  by  the  law  of  gravitation  that       =(~  ~)  > 

where  g  and  gi  are  the  accelerations  due  to  gravity  at  the 
earth's  surface  and  at  the  top  of  the  mountain  respectively. 
Then  by  means  of  eq.  (4)  arrive  at  the  required  result. 

EXERCISE  217.  If  the  variation  of  the  acceleration  of  grav- 

a  f 

ity  follows  the  law  ~= — -,  where  g  and  g*  are  the  accelera- 
tions at  the  surface  of  the  earth  and  at  the  bottom  of  a  mine, 
respectively,  show  that  h,  the  depth  of  the  mine,  is 


where  r  is  the  earth's  radius  and  n  is  the  number  of  oscilla- 
tions in  24  hours  of  a  pendulum  beating  seconds  at  the  mouth 
of  a  mine  when  taken  to  the  bottom. 


CHAPTER  VII 

KINETICS    OF   A   RIGID   BODY 
SECTION  XX 

TRANSLATION  OF  A  RIGID   BODY 

As  already  explained  in  Section  VII  the  translation  of 
a  body  is  determined  by  the  motion  of  any  one  of  its 
points.  In  Section  XII  it  was  shown  that  the  accelera- 
tion of  the  mass-center  of  a  body  is  always  such  as 
would  be  experienced  by  a  particle  occupying  its  posi- 
tion and  whose  mass  equals  the  mass  of  the  body  and  to 
which  are  applied  forces  equal  and  parallel  to  the  forces 
acting  upon  the  body. 

Thus  no  matter  how  complicated  the  motion  of  a  body 
may  be  the  translation  of  its  mass-center  can  always  be 
determined  by  the  principles  already  discussed  for  the 
motion  of  a  particle. 

If  any  body,  for  example  a  chair,  be  thrown  from  a 
window,  the  motion  of  any  point  will  in  general  be  most 
confusing  to  follow.  The  chair  turns  over  and  over,  and 
any  given  point  will  describe  a  complicated  path.  The 
explanation  of  the  motion  of  this  point  will  at  once  be 
simplified  if  we  note  that  the  mass-center  of  the  chair 
moves  in  a  parabolic  path  (similar  to  that  <  Inscribed  by 
a  particle  under  like  conditions)  and  that  the  point  under 
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observation  rotates  about  a  moving  axis  passing  through 
the  mass-  center  of  the  chair. 

The  equations  of  motion  for  the  mass-center  of  a  rigid 
body,  as  deduced  on  page  84,  are 


EXERCISE  218.  A  locomotive  exerts  a  draw-bar  pull  of  900 
pounds  upon  a  train  weighing  50  tons.  Assuming  the  fric- 
tional  resistance  to  be  15  pounds  per  ton  and  the  air  resist- 
ance 2  pounds  per  ton,  what  will  be  the  acceleration  of  the 
train  and  how  far  will  it  travel  from  rest  in  2  minutes  ? 

EXERCISE  219.  A  freight  train  of  100  tons  weight  moves  at 
the  rate  of  30  miles  per  hour  when  the  steam  is  shut  off  and 
the  brakes  are  applied  to  the  locomotive.  Assuming  that  the 
weight  of  the  locomotive  is  20  tons  and  the  only  friction  that 
of  the  locomotive,  what  is  the  frictional  force  per  ton  if  the 
train  stops  after  moving  2  miles  ? 

SECTION  XXI 

ROTATION  OF  A  RIGID   BODY 

The  law  governing  the  rotation  of  a  rigid  body  about 
a  fixed  axis  will  now  be  considered. 

Let  Fig.  56  represent  a  body  composed  of  particles 
f»i,  w2,  w3,  .  .  .  ,  located  at  distances  fi,  ^2,  ^3,  ...  from 
the  axis  of  rotation,  O. 

Then  if  a  be  the  angular  acceleration  of  the  body 
about  the  axis  O,  the  tangential  acceleration  (at)  of  each 
particle  will  be  a\=a.r\^  a2=ar2,  a3=ar3,  .  .  .  (see  page 

58). 

If  each  particle  is  now  considered  separately  we  obtain 
the  forces  (acting  upon  the  particles)  necessary  to  pro- 
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duce  their  respective  tangential  accelerations  by  means  of 
the  formula  F  =  ma.     They  are 


etc. 


As  the  force:;  F\y  F2,  F3,  etc.,  act  at  different  distances 
from  the  axis  of  rotation,  O,  their  total  effect  cannot  be 
obtained  by  adding  them.  We  must  obtain  their  mo- 
ments about  O,  and  then,  by  adding  their  moments,  we 


FIG,  56 

obtain  their  total  tendency  to  produce  rotation.  Thus 
F\r\  =  r \m\a\,  F2ri  =  r?m2a2l  etc.,  are  their  moments, 
and  the  sum  of  their  moments  is 


=  r \miar \  + 

=ari2mi  +ar22m2  + .  .  . 

If  we  now  place  F^i +F2r2-\-F3r3  +  .  .  .  ,  the  total 
moment  producing  the  rotation  of  the  body  (which  is 
sometimes  called  the  torque),  equal  to  IFr=lMoJ  we 
have 

-f  ar22m2  +  ar32w3  4 ... 
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Thus  we  see  that  the  idea  of  rotation  introduces  us  to 
three  physical  quantities  ZMo,  a,  and  2r2m.  We  are 
already  familiar  with  the  first  two,  the  sum  of  the  moments 
oj  the  forces  acting  on  the  body  and  the  angular  accelera- 
tion produced. 

The  quantity  Jr2m  is,  however,  a  new  concept.  This 
quantity  was  first  introduced  into  Mechanics  by  Euler, 
and  he  named  it  "Moment  oj  Inertia".  This  name  it 
has  retained.  A  better  name  might  be  moment  of  mass. 

The  moment  oj  inertia  of  a  body  about  any  axis  can  be 
defined  as  the  sum  oj  the  products  formed  by  multiplying 
each  element  of  mass  by  the  square  oj  its  distance  from  the 
axis. 

The  moment  of  inertia  of  a  body  is  usually  designated 
by  the  letter  7. 

We  may  now  write  the  equation  oj  motion  jor  rotation  as 
follows  : 

I  Moments  =  la: 

This  equation  should  be  compared  with  the  formula 
F  =  ma  and  the  resemblance  noted. 

For  translation  and  rotation  we  have  respectively 
force  "I          f  moment  of  force  (torque), 

mass  (-and  <!  moment  of  inertia  (moment  of  mass), 

acceleration  J          I  angular  acceleration. 

EXERCISE  220.  What  are  the  dimensions  of  (a)  Torque? 
(b}  Moment  of  Inertia?  Can  force  and  torque  be  measured 
in  the  same  units?  Can  mass  and  moment  of  inertia  be 
measured  in  the  same  units  ? 

EXERCISE  221.  Define  the  gravitational  unit  of  (a)  torque; 
(b)  moment  of  inertia. 

EXERCISE  222.  A  pulley  having  a  radius  of  3  feet,  and  capa- 
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ble  of  rotating  about  a  iixol  axis,  has  a  moment  of  inertia  of 
20  units;  it  is  set  in  rotation  by  a  force  of  10  pounds  applied 
to  a  rope  coiled  about  its  circumference.  Neglecting  all  fric- 
tion, 

(a)  what  will  be  its  angular  acceleration  ? 

(b)  what  will  be  its  angular  velocity  after  4  seconds  if  it 
starts  from  rest  ? 

(c)  how  many  revolutions  will  it  make  in  2  minutes  start- 
ing from  rest  ? 

EXERCISE  223.  If  in  the  preceding  exercise  the  force  ceases 
to  act  after  6  seconds,  what  will  be  the  velocity  of  rotation  in 
revolutions  per  minute?  How  long  will  the  body  retain  this 
velocity  ? 

EXERCISE  224.  A  belt  passes  over  a  pulley.  The  tension 
on  one  side  of  the  pulley  is  100  pounds;  on  the  other  90 
pounds.  If  the  moment  of  inertia  of  the  pulley  is  40  units 
and  its  diameter  is  26  inches,  how  many  revolutions  per  min- 
ute will  the  pulley  be  making  5  seconds  after  starting  from 
rest? 

EXERCISE  225.  Assume  that  two  masses  of  320  pounds 
each,  one  concentrated  at  each  end  of  a  weightless  rod  6  feet 
long,  be  caused  to  rotate  about  an  axis  perpendicular  to  the  rod 
at  its  center  ty  a  force  of  100  pounds  acting  perpendicularly 
to  the  rod  in  the  plane  of  motion  and  at  a  distance  of  2  feet 
from  the  axis.  Find  the  angular  acceleration. 

What  would  be  the  angular  acceleration  if  the  rod  were 
(a)  2  feet,  (b)  10  feet  long? 

EXERCISE  226.  A  fly-wheel,  weighing  W  pounds  and 
whose  moment  of  inertia  is  7,  makes  n  revolutions  per  min- 
ute when  the  driving  force  F,  applied  to  its  circumference, 
ceases  to  act.  If  /z  is  the  coefficient  of  friction  and  the  radius 
of  the  axle  is  r  feet,  find  the  time  in  which  the  wheel  will 
come  to  rest. 

EXERCISE  227.  How  many  revolutions  will  the  fly-wheel  of 
Exercise  226  make  before  coming  to  rest? 
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SECTION  XXII 

ON  MOMENT  OF   INERTIA 

In  order  to  apply  the  equation  of  motion  for  rotation 
the  moment  of  inertia  of  the  rotating  body  must  be 
known. 

Moments  of  inertia  can  most  readily  be  found  by 
means  of  the  Calculus.  The  general  method  of  proced- 
ure is  to  select  a  differential  element  of  the  body  and 
write  the  expression  for  the  product  of  its  mass  by  the 
square  of  its  distance  from  the  axis  of  rotation.  This 
expression  should  then  be  integrated  so  as  to  include  all 
the  elements  of  the  body.  This  is  simply  a  direct  appli- 
cation of  the  definition  given  on  page  131. 


FIG.  57 

Example. — Find  the  moment  of  inertia  of  a  uniform 
thin  wire  bent  in  the  form  of  a  circular  arc  and  revolving 
about  a  diameter,  bisecting  its  chord. 

Solution. — Assume  the  cross-section  of  the  wire,  which 
we  assume  infinitesimal,  to  be  0,  and  let  the  radius  of 
and  the  semi-angle  subtended  by  the  arc  be  r  and  a 
respectively  (Fig.  57). 
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Consider  any  c-kim-nt  of  the  wire,  as  ds,  whose  prin- 
cipal point  is  at  a  distance  of  r  sin  0  from  the  axis  of 
rotation  OR. 

As  (mass)  =  (volume)  (density)  the  mass  of  this  ele- 
ment is  ads  d,  where  d  is  the  density  of  the  wire.  There- 
fore the  moment  of  inertia  of  the  element  is 

r2  sin20  ads  d. 

To  integrate  this  expression  it  must  be  expressed  in 
terms  of  a  single  variable,  say  0;  as  ds  =  rdd,  we  have 

r2  sin20  ardd  d. 
If  /  represents  the  moment  of  inertia  of  the  whole  wire 

I=ar33  I     "sin2  0d0  =  —  T0--sin201 

P/-«  2      L          2  J_a 


= \2a  —sin  20. \, 

which  is  the  moment  of  inertia  sought. 

EXERCISE  228.  A  straight  wire  revolves  about  an  axis 
through  its  end  and  perpendicular  to  its  length.  Assuming 
/,  a,  and  d  as  the  length,  section,  and  density  of  the  wire 
respectively,  find  /. 

EXERCISE  229.  Find  /  for  the  wire  shown  in  Fig.  58  about 
O  as  an  axis. 

EXERCISE  230.  Find  /  for  a  wire  bent  into  a  complete  cir- 
cle of  radius  r  and  rotating  about  an  axis  through  its  center 
and  perpendicular  to  its  plane.  Show  that  /  is  equivalent  to 
the  moment  of  inertia  of  the  whole  mass  of  the  wire  concen- 
trated at  any  point  in  the  circle. 
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Example. — Determine  7  for  a  lamina  in  the  form  of  a 
quadrant  of  a  circular  lamina  rotating  about  one  of  its 
straight  sides. 

Solution. — Assume  /  as  the  thickness  of  the  lamina, 
which  we  will  consider  infinitesimal,  and  d  as  its  density. 
Let  a  be  the  radius  of  the  circle. 


+-*- 


FIG.  58 


p —         — a —      ._ 
FIG.  59 


As  in  Fig.  59,  assume  any  element  of  the  lamina.  Its 
mass  is  (rdO  dr)(td)  and  its  moment  of  inertia  about 
OX  is 

(rdO  dr)(td)r2  sin2  6. 

r*a  f]L  raY&(lrr~         T  ~~\  * 

r3drjo   2  1°JO     ~2~ 

ntda* 


1  ~\- 
-sin20    2 

2  Jo 


xtd  ra 

'  4  Jo 


r*dr 


EXERCISE  231.  Solve  the  preceding  example  using  rectan- 
gular coordinates. 

EXERCISE  232.  Find  the  7  of  a  thin  rectangular  lamina 
hXb  about  an  axis  through  the  center  of  gravity, 

(a)  parallel  to  6, 

(b)  parallel  to  h. 

EXERCISE  233.  Same  as  Ex.  232,  but  (a)  about  the  side  h 
as  an  axis,  (b)  about  the  side  b  as  an  axis. 


136 


KINETICS 


EXERCISE  234.  Find  the  /  of  a  triangular  lamina  of  base  b 
and  altitude  h  about  the  base. 
Hint. — Assume  the  angles  at  the  base  to  be  a  and  /?. 

The  moments  of  inertia  for  the  laminae  shown  in  Fig.  60 
are  found  by  integration  to  be  those  given  in  the  figure. 


j«-  --&---» 

X       f 

1 

+ 

h 
I 

T 

1 

a?  — 

*—&--* 

} 

-i—  X 

I       ,3. 

r-ft  6 


P b— J 

V- -6-    - 


FIG.  60 

By  means  of  these  the  /  of  rectilinear  figures  may  be 
found  by  dividing  them  into  rectangles  and  triangles  and 
taking  the  sum  of  the  moments  of  inertia  of  the  separate 
parts. 

EXERCISE  235.  Find  the  7  of  the  laminae  shown  in  Fig.  61 
by  dividing  the  plates  into  rectangles  and  triangles  and  apply- 
ing the  results  shown  in  Fig.  60. 
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Slope  - 


j 


FIG.  6 1 


Moments  of  Inertia  about  Parallel  Axes 

Theorem. — The  moment  of  inertia  about  any  axis  is 
equal  to  the  moment  of  inertia  about  a  parallel  axis  through 
the  mass-center  oj  the  body  plus  the  product  of  the  mass  oj 
the  body  and  the  square  of  the  distance  between  the  axes. 

Prooj. — In  Fig.  62,  assume  the  mass-center  of  the  body 
at  G  and  the  axis   at  O  per- 
pendicular to  the  plane  of  the 
paper. 

We  wish  to  show  that  IQ  = 
I0  +  d22m,  where  /o  and  Ig 
are  the  moments  of  inertia 
about  the  axis  through  O  and 
G,  respectively,  and  Im  is  the 
mass  of  the  body. 

Pass  the  X-axis  through  O 
and  G  and  the   F-axis  through  G,  and   consider   any 
element  m  of  the  body.     Then 


FIG.  62 


and  Ig= 

If  x  is  the  abscissa  of  the  mass-center,  then  x=  ~^-=o 
by  the  choice  of  the  position  of  the  axis, 
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It  follows  that  Io  =  I«,+d2Jm, 

which  proves  the  theorem. 

EXERCISE  236.  From  Exercises  228  and  229,  by  means  of 
the  above  theorem,  find  the  /  of  the  wire  about  a  parallel 
axis  through  its  mass-center. 

EXERCISE  237.  From  Ex.  234  find  the  /  about  the  axis 
parallel  to  the  base  through  the  mass-center. 

EXERCISE  238.  From  the  first  result  given  in  Fig.  60  find 
the  /  of  the  rectangle  about  an  axis  parallel  to  XX,  a  units 
above  XX. 

EXERCISE  239.  From  the  third  result,  Fig.  60,  obtain  the 
fourth  by  the  use  of  the  above  theorem. 

Polar  Moments 

Theorem.  —  The  moment  of  inertia  of  a  lamina  about  an 
axis,  through  any  point  O,  and  perpendicular  to  its 
plane  (polar  moment)  is  equal  to  the  sum  of  the  moments 
of  inertia  about  any  two  rectangular  axes  through  O  and 
in  the  plane  of  the  lamina  (rectangular  moments),  or 


EXERCISE  240.  Prove  the  above  theorem. 

EXERCISE  241.  Find  by  integration  the  polar  moment  of  a 
circular  lamina  about  an  axis  through  its  center. 

EXERCISE  242.  Find  two  rectangular  moments  for  the 
lamina  of  Ex.  241  and  from  them  deduce  the  result  of  Ex.  241. 

EXERCISE  243.  Find  the  polar  moment  of  inertia  about  an 
axis  through  the  center  of  gravity  of  a  rectangular  lamina 
hXb. 
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Principal  Axes  for  a  Point  in  a  Lamina 

Tin-  principal  axes  for  any  point  in  a  lamina  are  the 
passing  through  the  point  and  lying  in  the  plane  of 
the^amina,  for  which  the  moment  of  inertia  of  the  lamina 
has  n  maximum  and  minimum  value  respectively. 

In  Fig.  62  (a)  assume  a  set  of  rectangular  axes  (ocy) 
through  the  point  O.  We  will  now  show  that  these  axes 


FIG.  62  (a) 

are  the  principal  axes  if  Imxy  =  o,  where  m  is  the  mass 
of  any  particle  P. 

Assume  any  other  set  of  axes  (V/)  inclined  to  the 
original  set  at  an  angle  0.  Then  from  the  figure  the  co- 
ordinates of  the  particle  P  with  reference  to  the  new  axes 
are 

ocf  =  x  cos  0  +  y  sin  0 
and  y'  =  y  cos  6—x  s'm  6 

Thus  the  moment  of  inertia  about  the  #'-axis  is 


(i) 


=  Imy2  cos2  0  —  2  Imxy  sin  0  cos  6  +  2mx2  sin2  0, 
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and  as  by  hypothesis  Imxy  =  o, 

IX,  =  IX  cos20  +  Ij,  sin20,    ....     (2) 

where  Ix  and  Iy  are  the  principal  moments  of  inertia. 
From  (2)  we  see  that  if  Ix>Iy,  then,  in  general,  I  '  r,  will 
be  less  than  Ix  and  greater  than  Iy,  so  that  Ix  is  a  maxi- 
mum and  Iy  a  minimum  value  of  Ix,  for  varying  values 
of  6.  Prove  this  by  the  calculus. 

What  happens  if  Ix  =  Iyl 

To  find  the  principal  axes  of  a  lamina,  assume  any  set 
of  axes  and  find  Imx2-,  Imy2,  and  Imxy.  Then  by 
means  of  (i)  find  Zmx'y'  for  another  set  of  axes  of  un- 
known inclination,  0,  to  the  original  set.  Thus 


Zmx'y'  =  Zmxy  cos  26  —  %2m(x2  —  y2)  sin  26. 
Put  this  equal  to  zero  and  find 

tan  26  = 


,     .... 
-Imx2  -  Jmy2' 

which  gives  the  value  of  0. 

Therefore  the  principal  axes  (x'yf)  are  inclined  to  the 
assumed  axes  (xy)  at  the  angle  6  found  from  (3). 

Radius  of  Gyration 

We  have  seen  how  the  moment  of  inertia  of  a  system 
of  particles  about  an  axis  is  equal  to  2mr2. 

Suppose  we  could  concentrate  the  mass  of  all  the  par- 
ticles at  one  point  and  that  we  desire  that  the  moment  of 
inertia  of  this  concentrated  mass,  2m,  about  tin*  same 
axis  be  still  2mr->  then  the  eomvnt  rated  mass  must  be 
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placed  at  a  certain  distance  from  the  axis.  This  dis- 
tance, k,  is  called  the  radius  of  gyration.  In  accordance 
with  the  above  conditions  we  may  put 


or,  the  square  oj  the  radius  oj  gyration  is  equal  to  the 
moment  oj  inertia  divided  by  the  mass  of  the  body. 

EXERCISE  244.  Find  the  radius  of  gyration  for  the  wires 
described  in  Exercises  228  and  229. 

EXERCISE  245.  What  is  the  value  of  k2  for  the  laminae  de- 
scribed in  Exercises  232  and  234? 

The  radius  of  gyration  about  an  axis  through  the  mass- 
center  of  a  body  is  called  the  principal  radius  of  gyration; 
lli  is  we  will  denote  by  k. 


EXERCISE  246.  Show  that  k2  =  k2  +  d2  ifjhe  distance  d  sep- 
arates the  parallel  axes  about  which  k  and  k  are  taken. 

Reduction  of  Mass.  —  If  7  is  the  moment  of  inertia  of  a 
body  whose  mass  is  m,  then  as  far  as  the  angular  accel- 
eration produced  by  certain  moments  is  concerned  we 
may  consider  the  whole  mass  m  concentrated  at  a  dis- 
tance equal  to  the  radius  of  gyration,  k,  from  the  axis. 
Sometimes  it  is  more  convenient  to  replace  the  mass  m  by 
an  equivalent  concentrated  mass  at  some  other  radius. 
This  is  called  the  reduction  of  the  mass.  As  the  moment 
of  inertia  must  not  change,  we  have 
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where  m\  is  the  concentrated  mass  to  be  placed  at  a  dis- 
tance k\  from  the  axis  of  rotation. 

EXERCISE  247.  Find  the  reduced  mass  for  the  lamina  de- 
scribed in  Ex.  232  at  a  radius  r  from  the  axis  of  rotation. 

EXERCISE  248.  A  circular  plate  weighing  32  pounds  per  sq. 
ft.,  and  whose  radius  is  2  feet,  revolves  about  a  diameter  as  an 
axis.  Find  the  mass  which  when  concentrated  at  a  distance 
of  2  feet  from  the  axis  has  the  same  moment  of  inertia  as  the 
plate.  What  concentrated  mass  at  i  foot  radius  would  be 
required  to  replace  the  plate?  What  concentrated  mass  at  a 
i o- foot  radius? 

EXERCISE  249.  A  mass  of  100  pounds  is  concentrated  at  a 
distance  of  3  feet  from  an  axis  of  rotation.  What  will  be  the 
weight  of  the  equivalent  mass  placed  at  a  radius  of  (a)  0.5 
foot?  (b)  i  foot?  (c)  10  feet?  What  is  the  moment  of  inertia 
of  the  mass  ? 

Example. — Find  the  moment  of  inertia  of  a  cylinder 
revolving  about  its  axis. 

Solution. — Assume  the  radius,  altitude,  and  density  of 
the  cylinder  as  a,  h,  and  d,  respectively. 

Assume  an  element  using  cylindrical  coordinates  (Fig. 
63);  then  the  moment  of  inertia  of  an  element  is 

(dr  dd  dr  dy)r2, 

r»h  r»a  r»2it 

and  1=3  I    dy  I    r*dr  I     dO, 

Jo       Jo          Jo 

d2na*h     xa4hd 
4  2 

EXERCISE  250.  Show  that  the  radius  of  gyration  of  the  cyl- 
inder of  the  above  example  is  k  =— \f  2. 
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EXERCISE  251.  Show  that  the  radius  of  gyration  of  a  sphere 


of  radius  a  about  a  diameter  is  a  <%]— . 

EXERCISE  252.  Show  that  k2  =    -  for  a  right  cone  of  alti- 

4° 
tude  h  and  diameter  of  base  d  when  revolving  about  its  axis. 


FIG.  63 

EXERCISE  253.  Show  that  the  radius  of  gyration  of  a  hollow 
sphere  revolving  abcut  a  diameter  is 


2 ((outer  nu  ins)5— (inner  radius)5} 
5 ((outer  radius)3— (inner  radius)3}  " 
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APPLICATIONS    OF    THE    EQUATION    OF 
MOTION   FOR    ROTATION 

SECTION  XXIII 

ROTATION  DUE  TO   CONSTANT  FORCES 

We  shall  now  apply  the  equation  of  motion  for  rotation 
to  bodies  revolving  about  a  fixed  axis. 

Example. — A  body  is  made  to  rotate  about  a  horizontal 
axis  passing  through  its  mass-center  by  a  mass,  whose 
weight  is  W  pounds,  fastened  to  a  cord  wrapped  about  a 
cylindrical  portion  of  the  body  of  radius  r.  Assuming  / 
as  the  M.  of  I.  of  the  body  about  its  mass-center  and 
neglecting  all  friction,  find  the  angular  acceleration  of 
the  body  and  the  tension  in  the  cord.  Also  find  the  angle 
through  which  it  will  turn  in  /  seconds  if  it  starts  from 
rest. 

Solution. — Fig.  64  (a)  shows  the  rotating  body  and  the 
weight  W\  the  center  of  rotation  is  at  C,  the  mass-center. 
Each  body  should  now  be  made  a  "free  body",  as  in 
Figs.  64  (b)  and  (c).  Here  W\  represents  the  weight  of 
the  rotating  body,  R  the  reaction  of  the  bearing,  and  T 
the  tension  in  the  cord. 

Let  a  represent  the  angular  acceleration  of  the  body 
about  its  mass-center  taken  positive  in  the  direction 
shown  by  the  arrow,  and  let  a  represent  the  acceleration 
of  W  taken  positive  when  downward. 

From  Fig.  64  (b)  we  have,  by  the  equation  of  motion 
for  rotation  applied  to  rotation  about  C, 

Tr=Ia, (i) 
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and  from  Fig.  64  (c)  by  the  equation  of  motion  for  trans- 
lation, 


These  equations  contain  three  unknown  quantities,  a,  a, 
and  T\  thus  we  need  another  equation.     This  is  obtained 


FIG.  64 

from  Fig.  64  (a)  by  the  principles  of  kinematics  (p.  58). 
It  is 

a=ar (3) 

Solving  equations  (i),  (2),  and  (3),  we  obtain 

Wr  Wr2 

and     a  = 


W 
S 


and 


IW 


W 
— 

g 


r  ~        W    ' 
I+—r2 

S 
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To  find  the  angular  displacement  in  a  given  time  we 

d-n 
may  express  a  in  its  differential  form  -rj ,  integrate  twice 

and  determine  the  constants  by  means  of  the  initial  con- 
ditions of  the  motion;  or,  if  we  remember  the  kinematical 
formulae  for  angular  motion  with  constant  acceleration, 
namely,  a>=at  ~r-o>o,  0  =  $at2  ~t~wo/,  and  a/*  =  2aO  +  iuQ2y  we 
may  use  the  second  formula,  for  a  in  this  example  equals 

Wr 

—yy — ,  which  is  a  constant. 

/+— r2 
g 

EXERCISE  254.  Test  the  value  of  a  and  T  of  the  above 
example  by  the  theory  of  dimensions. 

EXERCISE  255.  If  the  mass  of  the  rotating  body  and  of  the 
translating  body  in  the  above  example  are  each  equal  to  m, 
find  the  values  of  a  and  T  in  terms  of  the  radius  of  gyration, 
k,  of  the  rotating  body  instead  of  7. 

EXERCISE  256.  Find  by  integration  the  value  of  6  for  Ex. 

255- 

EXERCISE  257.  A  cylinder  (radius  5  feet,  length  2  feet)  com- 
posed of  iron  (specific  gravity  7)  is  made  to  rotate  about  its 
axis  by  a  force  of  100  pounds  applied  to  a  cord  wrapped 
around  its  cylindrical  surface.  .  Find  the  angular  accelera- 
tion produced  and  the  angular  velocity  generated  by  the  force 
in  one  minute. 

(See  Ex.  250  for  k  and  thus  find  7.) 

EXERCISE  258.  Find  the  angular  velocity  generated  by  the 
force  in  Exercise  257,  if  applied  to  a  cylinder  of  equal  mass 
but  with  a  radius  of  20  feet. 

EXERCISE  259.  Same  as  Ex.  257,  but  instead  of  a  force  of 
loo  pounds  let  a  mass  whose  weight  is  100  pounds  be  attachc-d 
to  the  cord. 

EXERCISE  260.  Find  the  tension  in  the  cord  in  Kx.  259. 
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EXERCISE  261.  A  sphere  of  mass  .17  is  caused  to  rotate 
about  a  diameter  as  an  axis  by  a  mass  of  w  attached  to  a 
cord  wound  about  the  great  circle  perpendicular  to  the  axis. 
If  the  radius  of  the  sphere  is  r,  find  the  angular  acceleration 
produced.  (See  Ex.  251  for  k.) 

EXERCISE  262.  A  wheel  and  axle  of  mass  m  and  radius  of 
gyration  k  has  masses  of  m\  and  m^  suspended  from  it  by 
cords  wrapped  around  its  large  and  small  circumferences  of 
radii  R  and  r,  respectively.  Neglecting  all  friction,  find  the 
angular  acceleration  of  the  wheel  and  axle  and  the  linear 
acceleration  of  the  mass  m\.  How  far  will  the  mass  m\ 
descend  in  /  seconds  ? 

Example. — A  wheel  of  radius  r  and  weight  W  has  a  M. 
of  L,  /,  about  its  center.  Find  the  angular  velocity  of 


the  wheel  at  any  time  if  it  revolves  about  an  axis  tangent 
to  its  circumference  and  perpendicular  to  its  plane  under 
the  action  of  gravity  and  starts  with  the  radius  to  its  cen- 
ter 45°  above  the  horizontal  through  the  axis. 

Solution. — Fig.  65  illustrates  the  problem.     The  dotted 
circle  shows  the  starting  position  and  the  full  circle  the 
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pos/'ion  of  the  wheel  /  seconds  after  starting.     The  equa- 
tion of  motion  IM  =  Ia  gives 

W 
— 

8 

Wr2 

where  /H  --  is  the  M.  of  I.  of  the  wheel  about  the 

g 

axis  O. 

Wr 


but  « 


g 
w  dco 


Wr 
/.  (o  da)  =  -  cos  0  ddt 

I+-r* 
g 

or  —  =  --  -——  sin  d+C. 

2          T  ,  W  9 
/  +  —  r2 

g 

The  starting  conditions  show  that  when  0=~,  co=ot 


...  c_     Wr     /    i    \ 


so  that  a?  =  -  -?--  1  \/2  -2  sin  ^}. 


EXERCISE  263.  Find  the  angular  velocity  of  the  wheel  in 
the  above  example  when  #=—45°,  —90°,  —  180°,  and  —225° 
if  it  starts  with  its  center  on  a  •<  \el  with  the  axis. 
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EXERCISE  264.  Find  the  general  expression  for  the  angular 
velocity  of  the  wheel  in  the  ;il><>\r  example  if  a  cord  wrapped 
around  its  circumference  carries  a  weight,  W,  at  its  free  end. 


COMPOUND   OR  PHYSICAL   PENDULUM 

An  important  application  of  the  principle  of  rotation  is 
found  in  the  motion  of  a  heavy  body  rotating  about  a 
horizontal  axis  under  the  action  of  gravity  and  the  reac- 
tion of  the  axis.  A  body  oscillating  about  a  horizontal 
axis  without  making  a  complete  revolution  is  known  as 


\ 


V 


FIG.  66 

a  compound  pendulum,  the  word  compound  being  used 
in  distinction  to  simple,  as  applied  to  the  ideal  pendulum 
already  studied  in  Section  XIX. 

Let  Fig.  66  represent  a  compound  pendulum.  Here  O 
is  the  "center  of  suspension"  and  C  the  centroid  of  the 
pendulum. 
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Let  /  denote  the  distance  OC\ 

k,  the  radius  of  gyration  of  the  body  with  respect  to 
O  as  an  axis ; 

0,  the  angle  the  line  OC  makes  with  the  vertical  at 

any  time  /; 

01,  the  maximum  angular  displacement; 
W,  the  weight;  and 

m,  the  mass  of  the  pendulum. 

Assuming  counter-clockwise  as  the  positive  direction 
the  equation  for  rotation,  2M  =  Ia,  gives 

-TF/sin0  = 


but  as  a  =  7p 

d?6        gl 


This  expression  if  integrated  yields  the  values  of  aj  and 
0  for  any  time  /. 

Multiplying  both  members  of  the  differential  equation 
by  dO  we  have 


Integrating  we  have 


1Q 

Note  that -T-=&>  =  the   angular  velocity,  and  as 
dt 

when  0=0i,  we  obtain 


.\  aj=j-=±-~Vcos0-cos0i.     .     .     (2) 
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tlii.s  f(|uation  the  oscillatory  nature  of  the  motion 
is  evident,  for  when  #  =  #i,  —  #1,  27r  +  #i,  271—61,  etc.,  aj 
becomes  zero  and  the  body  is  momentarily  at  rest.  The 
angle  of  oscillation  is  thus  261. 

To  find  the  time  of  oscillation  it  is  necessary  to  inte- 
grate eq.  (2).     Separating  the  variables  we  have 

k  __  dO 
~ 


The  resulting  function  of  6  cannot  be  integrated  by  ele- 
mentary methods;  it  is  called  an  elliptic  integral.  Ap- 
proximate results  may,  however,  be  obtained  by  expand- 
ing cos  0  and  cos  6\  into  series  if  we  limit  the  displace- 
ment of  the  body  to  small  angles  so  that  6  and  0\  are 
both  small. 

62 
Under  this  assumption  put  cos  6=1  --  and  cos  #1  = 

_W 

2  ' 

Then  (3)  becomes 

dd 


dt  = 


Vgl  v  #!2  -( 
k          o 


If  now  we  measure  the  time  from  the  instant  at  which 
the  centroid  of  the  pendulum  passes  the  vertical  line 
through  the  axis,  then  /  =  o  when  6  =  0.  .'.  C\=o. 

To  determine  which  of  the  signs  (±)  should  be  used, 
assume  the  pendulum  to  be  moving  in  the  positive  direc- 
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tion  when  t  =  o.     Then  6  increases  positively  and  /  in- 
creases positively. 


From  eq.  (4)  the  period  of  oscillation  can  be  found. 
Let  t\  be  the  time  at  which  the  pendulum  reaches 
its  maximum  negative  displacement;  then  when  /  =  /i, 
0=  -61. 

k  k      /7T\  k 


If  /2  is  the  time  at  which  the  pendulum  reaches  its  max- 
mum  positive  displacement,  then  /  =  /2  when  6=  +0i, 

k  k      /7T\  k     /57T 

/.  /2  =  —=sin-1(i)  =  -7=( 
Vgl  Vgl\* 


From  these  results  note  that  the  pendulum  first  reaches 
its  maximum  positive  displacement  —r=(-\  seconds  after 


passing  the  vertical  and  reaches  its  maximum  negative 
displacement  for  the  first  time  after  — =1  —  )  seconds. 

Vgl\  2  / 

k 

Therefore  the  time  oj  one  oscillation  is  —r=(x),  or 

Vgl 


T  =  ; 

EXERCISE  265.  Deduce  the  time  of  oscillation  for  a  com- 
pound pendulum  from  equation  (T)  of  the  above  solution  by 
noting  that  for  small  angles  the  sine  and  the  angle  are  prac- 
tically equal;  thus  put  sin  0=0  and  integrate. 
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From  Section  XIX  it  will  be  remembered  that  the  time 


of  one  oscillation  of  a  simple  pendulum  is  x\J— ,  where 

o 

r  denotes  the  length  of  the  pendulum. 

EXERCISE  266.  find  the  length  of  a  simple  pendulum  hav- 
ing the  same  period  as  a  compound  pendulum  whose  radius 
of  gyration  about  the  axis  of  suspension  is  k  and  whose  centroid 
is  at  a  distance  /  from  the  axis. 

From  Exercise  266  we  find  the  equivalent  length  of 

k2 

the  simple  pendulum  to  be  f  =  y-  This  leads  to  the  con- 
clusion illustrated  in  Fig.  67.  Here 
we  assume  the  whole  mass  of  the 
compound  pendulum  to  be  concen- 
trated at  M  on  a  line  passing  through 
the  axis  and  the  centroid,  C,  and  at  a 

/     k2\ 
distance  r  I  =  — )  from  the  axis. 


Then  by  the  results  of  Section  XIX 
the  time  of  one  oscillation  of  this  ideal 
pendulum,  consisting  of  a  particle  M 
connected  to  the  axis  by  a  massless  rod 
of  length  r,  is 


but  as 


FIG.  67 


k2 
r=~r  by  hypothesis, 


Ik2 

•••  r-«V= 


which  is  the  period  of  the  original  compound  pendulum. 
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The  point  M  (Fig.  67)  at  which  the  whole  mass  of  the 
compound  pendulum  can  be  concentrated  without  effect- 
ing a  change  in  the  period  of  oscillation  is  called  the 
C(  ntcr  of  Oscillation  of  the  pendulum  and  the  point  O  on 
the  axis  of  suspension  is  called  the  Center  of  Suspension. 

EXERCISE  267.  A  compound  pendulum  has  a  weight  of  64 
pounds  and  a  principal  radius  of  gyration  of  4  feet ;  its  centroid 
is  at  a  distance  of  5  feet  from  the  axis.  Find  the  distance 
between  the  center  of  oscillation  and  the  center  of  suspension, 
and  the  time  of  oscillation  for  this  pendulum. 

EXERCISE  268.  Show  that  a  thin  rigid  wire  will  oscillate 
with  the  same  period  whether  it  be  suspended  from  its  extrem- 
ity or  from  a  point  one-third  of  the  length  from  its  extremity. 

The   centers  of  suspension   and  oscillation   are  inter 
changeable.     Thus  the  time  of  oscillation  will  be  unal- 


FIG.  68 


tered  if  the  pendulum  be  suspended  from  its  center  of 
oscillation  and  the  old  center  of  suspension  be  considered 
as  the  new  center  of  oscillation. 
This  is  illustrated  in  Fig.  68. 
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In  order  to  prove  the  above  theorem  we  must  first  find 
the  relation  between  the  principal  radius  of  gyration,  k, 
of  the  pendulum  and  /  and  r. 

Thus  if  m  is  the  mass  of  the  pendulum  and  as 


we  have 
or 

But 


If  ki  be  the  radius  of  gyration  of  the  pendulum  about 
an  axis  through  M,  then  the  time  of  oscillation  for  Fig. 
68  (b)  would  be 


But      k^  =  k2  +  (r-  1)2  =  l(r  -  1)  +  (r  -  1}2  =  (r-  l)r, 

Ir(r-l)  17 


As  the  time  of  oscillation  of  the  pendulum  shown  in 
Fig.  68  (a)  is 

IP 


or  the  time  of  oscillation  of  the  pendulum  in  its  original 
position  equals  the  time  of  oscillation  in  its  reversed 
position. 
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The  principle  just  proved  was  made  use  of  by  Captain 
Kater  in  1818  for  determining  the  length  of  the  equiva- 
lent simple  pendulum  for  a  given  compound  pendulum, 
and  thus  obtaining  the  value  of  the  acceleration  of  grav- 
ity* 8*  (See  y°ur  text-book  of  Physics.) 

Experimental  Determination  of  the  Radius  of  Gyration 
of  a  Given  Body 

In  the  practice  of  engineering  it  is  often  important  to 
find  the  moment  of  inertia  (or  radius  of  gyration)  of  a 
moving  part  of  a  machine,  say  the  connecting-rod  of  a 
steam-engine.  On  page  155  we  deduced  the  fact  that 


where  k  is  the  radius  of  gyration  of  the  body  about  its 
centroid,  /  the  distance  from  the  point  of  suspension 
to  the  centroid,  and  r  —  l  the  distance  from  the  point  of 
oscillation  to  the  centroid.  This  equation  enables  us  to 
find  the  required  moment  of  inertia  experimentally. 

In  Fig.  69  is  shown  the  connecting-  rod  whose  moment 
of  inertia  is  required.  Let  C  be  its  centroid  and  Oa  and 
Ob  the  centers  of  oscillation  when  suspended  from  A  and 
By  respectively. 

To  find  ra  experimentally,  suspend  the  connecting-rod 
from  A  and  determine  the  time  of  oscillation.  Then  by 
means  of 


r-«v|, 

find  ra.     By  suspension  from  B,  r&  may  be  similarly 
found. 
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Note  that  ra  and  rb  are  the  lengths  of  equivalent  sim- 
ple pendulums. 

To  find  /a,  support  the  rod  on  knife-edges  at  A  and  B 
and  weigh  the  pressures  on  the  knife-edges.  Then  by 


1° 


o 


FIG.  69 


the  principles  of  Statics,  if  Wa  and  Wb  are  the  respective 
components  of  the  weight  W  of  the  bar,  we  have 


Thus  k2  =  la(ra-la)    or    k2  =  lb(rb-lb), 

either  of  which  gives  the  required  value  and  one  serves 

to  check  the  other. 

EXERCISE  269.  State  clearly  the  meaning  of  ~k  as  used 
above.  If  the  weight  of  the  connecting-rod  used  above  be 
W,  find  its  moments  of  inertia  about  A  and  B  as  axes  in  terms 
of  k.  What  would  be  the  moment  of  inertia  about  an  axis 
through  the  center  of  the  hole  at  A  if  the  radius  of  this  hole 
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EXERCISE  270.  The  following  data  were  obtained  from  a 
connecting-rod  whose  principal  radius  of  gyration  was  to  be 
found : 

Length  of  rod  between  extremes  of  holes  52.8  inches. 

Weight  on  knife-edge  under  extreme  of  large  hole,  54.5 
pounds. 

Weight  on  knife-edge  under  extreme  of  small  hole,  50.65 
pounds. 

Time  of  100  vibrations,  large  end  down,  3:26^  minutes. 

Time  of  100  vibrations,  small  end  down,  3:24!  minutes. 

Find  k. 


SECTION  XXIV 
ROTATION  PRODUCED  BY  VARIABLE  FORCES 


The  Torsion  Balance. — If  a  body  be  suspended  by  an 
elastic  wire  tightly  clamped  at  its  upper  end  in  such  a 
manner  as  to  allow  an  angular  displacement  about  the 
/MmM  wire  as  an  axis,  the  combination  is 

known  as  a  torsion  balance. 

In  Fig.  70,  let  AB  be  the  elastic  wire, 
and  the  disk  BD  the  suspended  body. 
If  D  be  displaced  through  a  certain 
angle  so  that  D  moves  to  E,  the  wire 
1D  AB  will  be  twisted,  and  by  reason  of 
its  elasticity  will  tend  to  return  to  its 
initial  condition,  and  if  the  disk  be 
released  it  will  return  to,  and  swing 
beyond,  its  initial  position.  Experiment  shows  that  the 
moment  or  torque  exerted  by  a  wire,  twisted  as  just 
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described,  is  proportional  to  the  angular  displacement 
of  the  disk. 

Example. — Find  the  time  of  oscillation  of  the  disk 
shown  in  Fig.  70,  if  the  moment  of  inertia  of  the  disk 
about  the  wire  as  axis  is  7,  and  the  wire  exerts  a  moment 
M x  when  the  disk  is  displaced  through  an  angle  0\. 

Solution. — Let  Fig.  71  represent  a  top  view  of  the  disk. 
Assume  D  as  the  position  of  a  mark  on  the  disk  when  at 
rest. 

Assume  the  disk  to  be  displaced  through  an  angle  60, 
so  that  the  mark  moves  to  E,  and  then  be  released  when 


FIG.  71 

t  =  o.  Let  6  be  the  displacement  of  the  disk  at  the 
time  /.  Then  at  that  instant  the  wire  exerts  a  torque 
M  upon  the  disk  and  M&6  or  M  =  c0,  but  when  M  =  Mlt 

M1 
6=61,  so  that  c  =  ~j-. 

By  the  equation  of  motion  for  rotation  we  have 

aj  dco 
-cO-Ia-I-jg-, 

where  aj  is  the  angular  velocity  of  the  disk  and  the  moment 
c0  is  made  negative,  as  it  tends  to  turn  the  disk  in  the 
negative  direction. 
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Integrating  this  equation  and  multiplying  by  2   we 
obtain 


As  aj  =  o  when  0=00,  C\  =  c6<?. 


and  aj^ej-O2.     .     .     .     .     (i) 

Integrating,  we  have 


1  e 


As  d=00  when  /  =  o,  C2=  —  \  -- 

*  C   2 


where  /  is  the  time  occupied  in  turning  from  E  to  any  dis- 
placement indicated  by  the  angle  0. 

6 
Now  make  0  =  o,  then  sin  I-Q-=O,  TT,  etc.;    taking  the 

value  TT, 

7T         17 

(3) 

which  is  the  time  in  which  the  disk  rotates  from  E  to  D. 
In  equation  (i) 
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To  find  the  displacement  of  the  disk  when  it  is  instan- 
taneously at  rest  put  o»  =  o  and  solve  for  0. 

Thus  0=  ±00j  so  that  the  disk  is  at  rest  when  the  mark 
is  at  E  and  at  F,  equidistant  from  D. 

Thus  the  value  of  /  in  (3)  is  the  time  for  a  quarter 
period  or  the  period  of  a  complete  oscillation  is 


\I  1/0! 

7~airNJfi' 


EXERCISE  271.  A  disk,  radius  3  feet  and  weight  640  pounds, 
is  suspended  as  the  pan  of  a  torsion  balance  by  a  wire  whose 
torsional  strength  is  determined  by  noting  that  forces  of  100 
pounds  applied  to  opposite  ends  of  a  diameter  of  the  disk  dis- 
place the  disk  through  J  a  radian.  If  the  disk  be  displaced 
through  2  radians,  find  the  time  of  one  oscillation. 

EXERCISE  272.  What  would  be  the  time  of  oscillation  of  a 
sphere  of  the  same  weight  as  the  disk  in  Ex.  271  suspended 
by  the  same  wire,  the  radius  of  the  sphere  being  3  feet  ? 

Experimental  Determination  of  Moments  of  Inertia  by 
Means  of  the  Torsion  Balance 

It  has  been  shown  that  the  time  of  a  complete  oscilla- 

tion of  a  torsion  balance  is  T  =  2n>^-,  where  /  is  the 

moment  of  inertia  of  the  balance  about  the  suspending 
wire  as  axis  and  c  a  constant  depending  upon  the  elastic 
properties  of  the  suspending  wire. 

For  our  present  purpose  the  above  equation  may  be 
written 


V  c 
where  AT  is  a  constant  for  a  given  wire. 
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In  the  experimental  determination  of  moments  of  in- 
ertia by  the  principle  of  the  torsion  balance  the  frame 
shown  in  Fig.  72  is  used.  On 
the  upper  board  of  the  frame 
two  equal  weights,  W,  are  placed 
always  in  such  a  position  that 
their  centroid  is  directly  below 
the  wire.  On  the  lower  board 
the  body  whose  moment  of 
inertia  is  to  be  determined  is 

/ \   placed    with    its    centroid    also 

directly  below    the    wire.      (To 
place  the  weights  and   body  in 

the  proper  position,  shift  them  about  until  the  frame  is 
level.) 

As  the  moment  of  inertia  of  the  frame  is  unknown, 
we  must  first  make  an  experiment  to  eliminate  it. 

(1)  Place  the  weights,  W,  so  that  their  centroids  are  at 
a  distance  d\  feet  apart  and  determine  the  time  of  one 
oscillation,  say  T\.    Then  Ti  =  N\/I\,  where  I\  is  the 
moment  of  inertia  of  the  frame  and  weights  in  their  first 
position. 

(2)  Now  shift  the  weights  so  that  d2  is  the  distance 
between  their  centroids  and  determine  T2  experimentally. 
Then  Fj—JV\//2,  where  I2  is  the  moment  of  inertia  of 
the    frame    plus    the    weights    in    their    second     posi- 
tion. 

If  we  consider  the  weights  as  concentrated  at  their 

centroids,  then  their  moment  of  inertia  in  (i)  is  - 
and  in  (2)  is  -    — ,  so  that  the  moment  of  inertia  of  the 


KINETICS    OF    A    RIGID    BODY  163 

frame  and  weights  in  (2)  is  increased  by  - 
over  its  value  in  (i). 

Wdf    Wd? 
Therefore          I2  =  h  +  -  — , 

' 


T1  2 

and  as  /2  =  ^7     and    AT  =  V- 


Tf.  Wdf 

we  have  _a/l_/1+_ 


71!2 

1 


Thus  the  moment  of  inertia  of  the  frame  and  the 
weights  in  the  first  position  (their  centroids  being  d\  feet 
apart)  has  been  determined.  Now  place  the  body  whose 
moment  of  inertia  is  sought  upon  the  lower  board  of  the 
frame  and  the  weights  W  in  their  first  position  and  find 
the  time  of  one  oscillation  from  which  /',  the  moment  of 
inertia  of  the  frame,  weights,  and  body,  can  be  found. 

Then  /'  —  1\  is  the  moment  of  inertia  of  the  body. 

SECTION  XXV 
PLANE  MOTION,  TRANSLATION  AND  ROTATION 

In  Kinematics  it  has  already  been  shown  that  any 
plane  motion  can  be  regarded  as  a  rotation  about  any 
pcint  plus  a  translation. 

As  a  free  body  will  always  rotate  about  its  mass-center 
it  is  both  convenient  and  natural  to  consider  a  line, 
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through  the  mass-center  of  the  body  and  perpendicular 
to  its  plane  of  motion,  as  the  axis  of  rotation. 

In  solving  problems  relating  to  the  kinetics  of  plane 
motion  always  consider  the  body  as  free  and  revolving 
about  its  mass-center.  Then  employing  the  axial  com- 
ponents of  translation  of  the  mass-center,  ax  and  ay,  and 
the  angular  acceleration  about  the  mass-center,  a,  write 
the  kinetic  equations  of  translation 


and  of  rotation 

I  Moments  =  al. 

Then  determine  the  kinematic  equations,  showing  the 
relation  between  ax,  ay,  and  a,  which  are  necessary  to 
correctly  represent  the  actual  motion  of  the  body.  These 
equations  are  then  to  be  solved  for  the  quantities  sought. 

Example.  —  A  homogeneous  cylinder  (radius  r)  rolls 
down  an  inclined  plane  (inclination  ft,  length  /)  ;  find  the 
time  required  to  reach  the  foot. 

Solution.  —  Fig.  73  illustrates  the  problem  and  Fig.  74 
shows  the  cylinder  as  a  free  body.  As  the  cylinder  rolls 
enough  friction  must  be  introduced  to  prevent  slipping; 
this  friction  need  not,  however,  be  the  limiting  friction. 

The  acceleration  of  the  mass-center  will  in  this  exam- 
ple be  parallel  to  the  inclined  plane,  so  assume  the  axes 
as  shown  in  Fig.  73. 

The  equations  of  motion  for  translation  then  are 

N-W  cosp=mav 
and  —  F+W  sin  p=maxt 

where  m  is  the  mass  of  the  cylinder. 
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For  rotation  about  the  mass-center,  C,  the  equation  of 
motion  is 

Fr=Ia, 

where  /  is  the  moment  of  inertia  of  the  cylinder  about  its 
axis.  These  equations  are  the  kinetic  equations  of  the 
problem. 

To  obtain  the  kinematic  equations,  note  that  as  the 
point  A  is  the  instantaneous  center  of  rotation  it  can  have 
no  velocity  along  the  #-axis  and  therefore  no  component 


FIG.  73  FIG.  74 

acceleration  along  this  line.  Still,  owing  to  a  the  point 
A  has  an  acceleration  along  the  #-axis  of  —  ar  combined 
with  ax  due  to  translation.  Therefore 

ax=ar, 
also  ay  =  o. 

These  are  the  kinematic  equations. 

The  solution  of  the  kinetic  and  kinematic  equations 
gives 

Fr  2F 

a  =  -7-,  and  as   /  =  iwr2,  a  =  — ; 
/ '  mr 

also  F=$mgsmf). 

So  that  ««-(——)  and  ax=§gsin/?. 


1  66  KINETICS 

To  find  the  time  required  to  reach  the  foot  of  the 
plane,  note  that  the  mass-center  moves  through  /  feet 
with  an  acceleration  of  $g  sin  /?  ft.-per-sec.  per  sec. 
Therefore  by  means  of 


we  obtain  /  =  Jg  sin  /?  • 


EXERCISE  273.  What  would  be  the  linear  velocity  of  the 
mass-center  and  the  angular  velocity  of  the  cylinder  in  the 
preceding  example  at  the  foot  of  the  plane  ? 

EXERCISE  274.  Compare  the  accelerations  of  the  mass- 
centers  of  two  cylinders,  one  rolling  and  the  other  sliding  (no 
friction)  down  an  inclined  plane. 

EXERCISE  275.  Find  the  greatest  inclination,  /?,  of  the 
plane  in  the  preceding  example  consistent  with  no  slipping  if 
H  is  the  coefficient  of  friction. 

EXERCISE  276.  Compare  the  time  of  descent  on  an  in- 
clined plane  for  two  spheres,  one  solid  and  one  hollow,  having 
the  same  mass,  m,  and  the  same  external  radius,  r,  while  the 

thickness  of  the  shell  is  — . 

2 


CHAPTER  VIII 
WORK  AND  feNERGY 

IN  Fig.  75  assume  the  mass  m  to  be  acted  on  by  the 
force  F  and  to  possess  at  a  certain  time  a  velocity  viy 
and  that  after  having  traversed  a  distance  s,  its  velocity 
(by  reason  of  the  action  of  the  force  F)  has  been  in- 
creased to  v2. 


FIG.  75 

Using  the  kinematical  formula  V2  =  2as+v02,  we  have 
v£=2as+Vi2,  where  a  is  the  acceleration  produced  by 
the  force  F  in  the  mass  m  and  therefore  F=ma. 

V^2_V}2 

Substituting  for  a  its  value  -  -  ,  we  obtain 


or  t1  s  =  • 

2  2 

I67 
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Fs  is  now  defined  as  the  work  done  by  the  jorce  F  while 
acting  through  the  space  s. 

mv2 

—^~  is  defined  as  the  Kinetic  Energy  of  a  mass  m  moving 

with  a  velocity  v. 

The  formula  last  deduced  may  thus  be  interpreted  as 
follows  : 

The  work  done  by  a  force  is  equal  to  the  increase  o)  the 
kinetic  energy  of  the  mass  upon  which  it  acts. 

SECTION  XXVI 
WORK 

Whenever  a  body  moves  under  the  action  of  a  force, 
work  is  said  to  be  done  by  this  force. 

The  work  done  is  measured  by  the  product  of  the  jorce 
and  the  effective  displacement  of  its  point  of  application. 

By  effective  displacement  is  meant  the  projection  of  the 
displacement  upon  the  line  of  action  of  the  force. 

If  the  force  acting  is  F  and  the  effective  displacement 
is  5,  then  the  work  done  is 


The  unit  o)  work  is  obtained  by  making  F=i  pound 
and  5=1  foot  ;  then 

Unit  of  work=(i  pound)(i  foot)  =  (i  foot-pound). 
The  foot-pound  is  the  work  done  whenever  the  point  of 
application  of  a  force  of  one  pound  receives  an  effective 
displacement  of  one  foot. 

It  is  convenient  to  speak  of  positive  or  negative  work. 
Work  is  considered  positive  or  negative  as  tlu   dUvtive 
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displacement  agrees  or  is  opposed  to  the  force  in  d inac- 
tion. 

EXERCISE  277.  A  body  weighing  100  pounds  rests  upon  a 
smooth  horizontal  plane.  What  .work  is  done  in  moving  the 
body  10  feet  in  any  direction  along  the  plane?  If  the  plane 
be  rough  and  the  coefficient  of  friction  be  0.5,  what  would  be 
the  work  done  ?  Has  the  time  it  takes  to  move  the  body  any 
effect  upon  the  work  done  ? 

EXERCISE  278.  A  man  weighing  140  pounds  carries  a  load 
of  100  pounds  up  a  ladder  50  feet  long,  inclined  at  60°  to  the 
horizontal;  how  much  work  does  he  do? 

From  Fig.  76,  where  F  is  a  force,  s  the  displacement, 
and  6  their  mutual  inclination,  we  see 

that 

Work =  F(s  cos  0), 

.'.  Work  =  s(F  cos  6); 


FIG.  76 


or,  the  work  done  by  a  jorce  may  also 

be    measured    by   the   product   of  the 

displacement  and  the  component  of  the 

jorce  along  the  line  of  displacement. 
Example. — Find  the  work  done  if  a  body  weighing  W 

pounds  is  dragged  up  an  inclined  plane,  whose  inclina- 
tion is  0  and  whose  length  is  s, 
with  an  acceleration  a,  the  coeffi- 
cient of  friction  being  /*. 

Solution. — Fig.  77  illustrates  the 
problem  and  shows  all  the  forces 
acting  upon  the  body.  P  is  the 


FIG.  77 


pull  necessary  to  drag  the  body,  N  the  normal  reaction 
of  the  plane,  F  the  friction  force,  and  W  the  weight  of 
the  body.  In  order  to  calculate  the  work  done  it  will  be 
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necessary  to  find  P  in  terms  of  the  known  quantities  W, 
0,  //,  and  a.  This  is  done  by  means  of  the  kinetic  equa- 
tions for  translation.  Thus 

P-F-Wsm6=-a, 

N-Wcos0=-(o)  =  o. 

As    F=nN,    F=ftWcos0    and 

W 

P  =— a+W  sm  0+p.W  cos  0. 

o 

Now  as  Work=  (displacement)  (effective  component  of 
the  force) 

we  have       Work  done  =  (s)  (P) 

-- sin  6+fjLCOS  0\ 

EXERCISE  279.  Deduce  the  dimensions  of  work.  Check  by 
the  theory  of  dimensions  the  results  of  the  preceding  example. 

EXERCISE  280.  Find  the  work  done  if  a  body  weighing  W 
pounds  is  dragged  down  a  plane  whose  length  is  /,  base  b, 
and  height  h.  The  coefficient  of  friction  is  j*  and  the  velocity 
is  constant. 

EXERCISE  281.  A  horse  hauling  a  wagon  exerts  a  constant 
pull  of  100  pounds  and  travels  at  the  rate  of  2  miles  an  hour. 
How  much  work  will  be  done  in  5  minutes? 

EXERCISE  282.  Assume  three  particles  weighing  W,  U, 
and  V  pounds  to  be  at  the  distances  x,  y,  and  z  above  a  hori- 
zontal plane.  Let  each  particle  be  raised  through  a  distance 
a,  b,  and  c,  respectively.  Show  that  the  work  so  done  rquals 
the  product  of  the  sum  of  the  weights  of  the  particles  by  the 
('i-iance  their  common  center  of  gravity  is  raised. 
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The  last  exercise  shows  that  the  work  done  in  raising  a 
body  (composed  of  many  particles)  may  be  jound  by  taking 
the  product  of  the  distance  through  which  the  C.  oj  G.  oj 
the  particles  has  been  displaced  vertically  and  the  combined 
weight  of  these  particles. 

EXERCISE  283.  A  pit  10  feet  deep  and  with  a  cross-section 
of  4  square  feet  is  to  be  excavated  and  the  earth  thrown  into 
carts  to  a  height  of  4  feet  above  the  ground.  How  much  work 
must  be  done,  supposing  a  cubic  foot  of  earth  to  weigh  90 
pounds  ? 

EXERCISE  284.  Find  the  work  done  in  lifting  a  chain  which 
hangs  vertically,  its  length  being  /  feet  and  its  weight  W 
pounds. 

Power  or  Activity 

In  the  calculating  of  work  done  no  account  is  taken  of 
the  time  required  to  do  this  work.  It  is,  however,  often 
of  great  importance  to  know  and  bring  into  calculation 
the  factor  of  time.  This  is  especially  so  if  we  wish  to 
compare  the  agents  which  do  the  work. 

Thus  a  man  can  do  the  same  work  as  may  be  done  by 
a  horse  provided  enough  time  is  allowed  the  man. 

To  bring  this  new  view  into  calculation  we  need  to 
know  the  rate  at  which  various  agents  perform  work, 
i.e.,  the  loot-pounds  of  work  they  can  do  per  second. 

The  terms  Power  or  Activity  are  used  in  this  connec- 
tion. Thus  we  say  that  the  power  of  a  horse  is  greater 
than  that  of  a  man  because  a  horse  can  do  more  work 
per  second  than  a  man. 

Engineers  do  not  reckon  power  in  joot- pounds  per 
second,  as  it  is  too  small  a  unit.  They  employ  instead 
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the  Horse-power,  which  equals  550  joot-pminds  per  second 
or  3J,00o  joot-pounds  per  minute. 

It  should  be  carefully  noted  that  Horse-power  (H.P.) 
does  not  express  an  amount  of  work  but  a  rate  of  doing 
work. 

EXERCISE  285.  Deduce  the  dimensions  of  Work,  Energy, 
Power.  Which  of  these  quantities  can  be  measured  in  the 
same  units  ? 

EXERCISE  286.  What  is  the  H.P.  of  an  engine  that  can 
raise  every  minute  and  a  half  500  cu.  ft.  of  water  to  a  height 
of  100  feet  (i  cu.  ft.  of  water  weighs  62.5  pounds). 

EXERCISE  287.  How  many  gallons  of  water  would  be  raised 
per  hour  from  a  mine  600  feet  deep  by  an  engine  of  175  H.P., 
supposing  a  gallon  of  water  to  weigh  8  J  pounds  ? 

.EXERCISE  288.  Find  the  H.P.  necessary  to  pump  out  the 
St.  Mary's  Falls  Canal  lock,  Sault  Ste.  Marie,  in  24  hours,  the 
length  of  the  lock  being  500  feet,  width  80  feet,  and  the  depth 
of  water  18  feet,  the  water  being  delivered  to  a  height  of  42 
feet  above  the  bottom  of  the  lock. 

Work  Done  by  Variable  Forces 

If  a  force  varies  in  direction  or  magnitude  or  both,  we 
can  still  measure  the  work  done  by  means  of  the  product 
of  the  force  and  the  effective  displacement,  provided  the 
displacement  considered  is  sufficiently  small.  We  then 
put 

cos  0; 


this  must  be  expressed  in  terms  of  a  single  variable  and 
integrated  to  obtain  the  total  work  done. 

Example.  —  A  spring  whose  natural  length  is  /  feet   is 
stretched  to  a  length  l+si.     If  p  pounds  will  stretch  the 
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spring  one  foot,  find  the  work  clone  by  the  stretching 
force. 

Solution. — In  this  example  the  stretching  force  evi- 
dently varies;  \\  1  en  the  spring  has  stivldied  s  feet,  the 
force  must  be  /AS,  by  Hookc's  Law.  The  effective  dis- 
placement for  this  force  is  ds\ 

r         ps2 

.'.  »Workdone=  /  ps  ds=    -  +  C. 

*J  2 

Now  when  5  =  0,  the  work  done  is  zero,  therefore  C  =  o, 

ps2 
and  the  work  to  stretch  the  spring  5  feet  is  — .    The 

total  work  done  in  stretching  the  spring  Si  feet  is  -  — . 


EXERCISE  289.  When  the  result  of  the  preceding  example 
is  written  in  the  form  1--  )(si),  what  simpler  solution  of  the 

problem  does  it  suggest  ? 

EXERCISE  290.  The  wire  for  moving  a  distant  signal  is 
stretched  16  inches  beyond  its  natural  length  and  has  a  ten- 
sion of  240  pounds  when  the  signal  is  down.  This  tension  is 
produced  by  a  back  weight  of  270  pounds  resting  with  a  por- 
tion of  its  weight  (30  pounds)  upon  its  bed.  If  the  signal  end 
of  the  wire  is  moved  through  2  inches  in  raising  the  signal, 
show  that  the  end  attached  to  the  hand -lever  must  move  4 
inches.  Find  the  work  done  when  the  hand-lever  is  suddenly 
pulled  back  and  locked  before  the  signal  begins  to  move,  and 
find  how  much  less  work  is  necessary  if  it  be  pulled  back 
slowly. 
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Graphical  Representation  of  Work 

It  is  often  convenient,  especially  when  the  forces  vary, 
to  represent  graphically  the  work  done.  In  Fig.  78  let 
the  horizontal  axis  be  the  axis  of  effective  displacement 
and  the  vertical  axis  the  axis  of  force.  Then  during  the 
displacement  s2—  si  the  work  diagram  shows  the  action 
of  a  constant  force  F\  and  the  work  done  is  represented 
by  the  area  of  the  shaded  rectangle.  (Why?)  During 

F  in  pounds 


in  feet 


FIG.  78 

the  displacement  53-s2  the  work  diagram  shows  the 
action  of  a  uniformly  increasing  force  from  -Fi  to  ^3  and 
evidently  the  work  done  is  represented  by  the  area  of  the 
trapezoid  whose  side  is  (s253).  During  the  displacement 
54— 53  a  varying  force  acts,  but  the  area  between  the 
5-axis,  the  curve,  and  the  ordinates  at  s3  and  s4  still  rep- 
resents the  work  done. 

EXERCISE  291.  Draw  the  work  diagrams  for  Exs.  289  and 
290. 
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SECTION  XXVII 

ENERGY 

As  explained  on  page  167,  a  force  acting  on  a  mass  in- 
creases its  velocity  and  therefore  its  kinetic  energy  if  the 
force  acts  in  the  direction  of  the  velocity.  Similarly,  a 
force  acting  in  the  opposite  direction  would  decrease  the 
kinetic  energy  of  the  mass.  In  this  case  the  mass  is  said 
to  do  work  in  opposing  the  force. 

Thus  a  moving  mass  has  the  ability  to  do  work.  This 
ability  to  do  work  is  called  Energy. 

Bodies  may  possess  this  ability  to  do  work  even  though 
not  in  motion.  Thus  a  weight  above  the  ground  pos- 
sesses energy,  for  if  allowed  to  descend  it  could  do  work. 

Kinetic  Energy  is  energy  due  to  motion.  Potential 
Energy  is  energy  due  to  position. 

The  kinetic  energy  of  a  particle  is  denned  as 

(mass)  (velocity)2 
2 

The  unit  of  energy  must  be  the  same  as  the  unit  of 
work,  for  energy  is  simply  stored  work. 

EXERCISE  292.  A  particle  weighing  64  pounds  and  moving 
east  with  a  velocity  of  3  ft.  per  sec.  receives  a  blow  such  that 
the  velocity  due  to  it  is  4  ft.  per  sec.  north.  Find  its  kinetic 
energy  before  and  after  it  received  the  blow. 

EXERCISE  293.  A  ball  weighing  one  pound  is  fired  verti- 
cally upward  from  the  ground  with  a  velocity  of  160  ft.  per 
sec.  Compute  and  tabulate  its  kinetic  and  potential  energy 
at  the  start  and  at  the  end  of  each  second  during  the  time  it 
ascends. 
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This  exercise  illustrates  the  principle  of  the  transformation 
of  energy  and  also  the  principle  of  the  conservation  of  energy. 

Kinetic  Energy  of  a  Body 

As  the  kinetic  energy  of  a  particle  is  -  —  ,  and  as  a  body 

can  be  conceived  as  a  system  of  particles,  we  have,  for 
the  kinetic  energy  of  a 

TRANSLATING   BODY 

whose  velocity  is  i>,     \Irnv2  =  %v22m 

Mv2 

2     ' 

where  M  is  the  mass  of  the  whole  body. 

ROTATING    BODY 

Let  a>  be  the  angular  velocity  of  the  rotating  body, 
then  the  linear  velocity  of  any  particle  whose  distance 
from  the  axis  of  rotation  is  r  will  be  cur.  Thus  the  kinetic 


energy  of  this  particle  will  be  -      —  ,  and  the  kinetic 

OJ2 

energy  of  the  whole  body  will  be  %SmaPr2  =  —  2mr2,  but 

Imr2  is  the  moment  of  inertia  of  the  body,  so  that  the 
kinetic  energy  of  rotation  is 


BODY  WITH  ANY   PLANE   MOTION 

If  we  consider  the  instantaneous  axis  of  a  body  as  its 
axis  of  rotation,  the  kinetic  energy  it  possesses  would  be 
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T     2 

,  where  /  is  the  moment  of  inertia  about  its  instan- 

2 

taneous  axis  and  cu  its  angular  velocity  about  the  same 
axis. 

The  instantaneous  axis,  however,  continually  changes 
its  position.  It  is  therefore  more  convenient  to  con- 
sider the  kinetic  energy  independently  of  it. 

Let  v  be  the  velocity  of  the  mass-center,  r  its  distance 
from  the  instantaneous  axis,  /  the  moment  of  inertia  of 
the  body  about  an  axis  through  the  mass-center  and  per- 
pendicular to  the  plane  of  motion,  and  M  the  mass  of  the 
body;  then 

/=/+ Mr2     and     v  =  ra), 
laj*     ..- 

2 

or  the  kinetic  energy  is 

Mv2 


v/here  a>  is  the  angular  velocity  about  the  mass-center. 

The  kinetic  energy  of  a  body  consists  of  two  parts,  one 
due  to  the  translation  of  the  mass-center  and  the  other 
due  to  the  rotation  about  the  mass-center. 

EXERCISE  294.  Find  the  kinetic  energy  of  a  cylindrical  plate 
(radius  2  feet  and  weighing  394  pounds)  when 

(a)  making  240  revolutions  per  minute  about  its  axis, 

(b)  rolling  along  horizontal  ground  with  a  velocity  of  7  ft. 

per  sec., 

(c)  sliding  with  a  velocity  of  7  ft.  per  sec. 
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EXERCISE  295.  A  coin  rolls  on  its  edge  in  a  vertical  plane. 
Compare  its  rotational  and  total  energies. 

EXERCISE  296.  The  weight  of  a  fly-wheel  is  W  pounds,  the 
mean  diameter  of  the  rim  is  d  feet,  and  the  number  of  revolu- 
tions per  second  is  n.  Find  the  energy  stored  in  the  moving 
wheel. 

EXERCISE  297.  Show  that  the  energy  of  a  sphere  when  roll- 
ing without  sliding  is  -J  of  its  energy  when  sliding  without  roll- 
ing for  the  same  velocity  of  its  mass-center. 

EXERCISE  298.  How  much  more  energy  is  stored  per  ton  in 
a  car-wheel  than  in  a  car-body  if  the  car  travels  at  a  velocity 
of  30  miles  per  hour,  the  wheel  being  28  inches  in  diameter  ? 

SECTION  XXVIII 

PRINCIPLE  OF  WORK 

On  page  167  it  was  shown  that  the  work  done  by  a 
force  is  equal  to  the  increase  of  kinetic  energy.  If  several 
forces  act,  the  same  law  holds,  provided  due  attention  is 
given  to  the  signs  of  the  various  portions  of  work  done 
by  each  force  and  these  are  then  summed  up. 

The  principle  of  work  can  then  be  stated 
as  follows : 

Total  Work  Done  by  the  Forces  =  Change 
in  Kinetic  Energy. 

Example. — Find  by  the  principle  of  work 
the  velocity,  v,  attained  by  the  weights  of 
w  I  an  Atwood  machine  after  they  have  moved 

s  feet  from  rest. 

Solution. — As  in  Fig.  79,  let  the  weights 
be  W  and  w,  let  the  mass  of  the  pulley  be  m,  its  radius 
r,  and  its  principal  radius  of  gyration  k.  Neglecting 
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friction,  the  work  done  during  a  displacement,  s,  of  the 
weights  is 

Ws—wSy 

and  the  change  in  kinetic  energy  is 


or  v2  =  2gsl 

Example. — Find  the  depth,  x,  through  which  a  pfle 
can  be  driven  by  a  blow  delivered  by  a  ram  weighing  W 
pounds  and  falling  from  a  height  h  if  R  is  the  effective 
resistance  of  the  ground. 

Solution. — In  this  case  the  work  done  on  the  ram  by 
gravity  is  Wh,  the  work  done  against  the  resistance  of 
the  ground  is  —  Rxy  and  the  change  in  kinetic  energy  is 
zero. 

Wh 
/.  Wh-Rx=o    or    #=-£-. 

K 

EXERCISE  299.  A  slider  weighing  100  pounds  rests  on  a 
table ;  it  is  moved  by  a  weight  of  20  pounds  fastened  to  it  by 
a  cord  which  passes  over  a  pulley  at  the  edge  of  the  table. 
When  the  slider  has  moved  2  feet  its  velocity  is  2  ft.  per  sec. 
Find  the  coefficient  of  friction. 

EXERCISE  300.  Solve  Ex.  108,  page  108,  by  the  principle  of 
work. 

EXERCISE  301.  Solve  Ex.  227,  page  132,  by  the  principle  of 
work. 
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EXERCISE  302.  A  disk  and  a  hoop  roll  with  the  same  veloc- 
ity on  the  level  and  commence  to  ascend  an  incline.  If  they 
have  the  same  mass,  which  will  ascend  higher  and  by  how 
much? 

EXERCISE  303.  A  bullet  weighing  one  ounce  leaves  the 
mouth  of  a  rifle,  whose  barrel  is  4  feet  long,  with  a  velocity  of 
1000  ft.  per  sec.  Find  the  mean  pressure  on  the  bullet,  neg- 
lecting friction. 

EXERCISE  304.  The  head  of  a  steam-hammer  weighs  10  tons 
and  has  a  fall  of  8  feet.  If  it  indents  the  iron  on  which  it 
falls  one  inch,  find  the  mean  force  exerted  on  the  iron  during 
compression. 

EXERCISE  305.  A  mass  of  10  pounds  slides  along  a  hori- 
zontal surface  with  a  velocity  of  20  ft.  per  sec.  when  it  strikes 
a  spring.  It  requires  2  pounds  to  compress  the  spring  one 
inch.  If  the  coefficient  of  friction  is  o.i,  how  far  will  the  mass 
move  after  striking  the  spring  before  coming  to  rest,  and 
what  potential  energy  is  stored  in  the  spring  when  the  body 
comes  to  rest  ? 

EXERCISE  306.  A  locomotive  draws  a  load  of  200  tons. 
Find  the  draw-bar  pull  (a)  at  constant  speed  if  the  friction  is 
0.05  of  the  load ;  (b)  if  the  friction  is  the  same  and  the  velocity 
increases  from  30  ft.  per  sec.  to  40  ft.  per  sec.  while  moving 
one  mile. 

EXERCISE  307.  A  train  weighing  60  tons  has  a  velocity  of 
40  miles  per  hour  when  the  power  is  shut  off.  If  the  resist- 
ance to  motion  is  10  pounds  per  ton,  how  far  will  the  train 
move  before  the  velocity  reduces  to  10  miles  per  houj? 

EXERCISE  308.  A  fly-wheel  weighing  15  tons  has  a  mean 
diameter  of  20  feet  and  makes  60  revolutions  per  minute.  If 
the  axle  of  the  wheel  is  14  inches  in  diameter  and  the  coeffi- 
cient of  friction  is  0.2,  how  many  revolutions  will  the  wheel 
make  before  coming  to  rest  ? 
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SECTION  XXIX 

APPLICATION  TO   MACHINES 

The  principle  of  work  as  discussed  in  Section  XXVIII 
can  be  used  advantageously  to  calculate  the  forces  acting 
on  a  machine. 

K\-iun/)/e.  —  Find  the  force  necessary  to  raise  a  weight 
W  by  means  of  a  wheel  and  axle  if  the  coefficient  of  fric- 
tion is  //. 

Solution.  —  Let  the  radii  of  the  wheel  and  axle  be  R 
and  r,  and  the  radius  of  the  bearing  /.  The  friction 
force  acting  at  the  surface  of  the  axle  will  be  p(F+W), 
where  F  is  the  force  sought.  If  the  displacement  con- 
sidered is  one  revolution,  then  the  work  done  is 


This  must  equal  zero,  as  we  assume  no  change  in  the 
velocity. 


F= 


EXERCISE  309.  Find  the  force  necessary  to  raise  W  pounds 
by  means  of  a  single  fixed  pulley  if  the  radius  of  the  pulley  is 
r,  that  of  the  axle  r',  and  the  coefficient  of  friction  is  ft. 

EXERCISE  310.  Find  the  mechanical  advantage  of  a  differ- 
ential wheel  and  axle,  neglecting  friction  (Fig.  80). 

EXERCISE  311.  What  force  would  be  required  to  raise  10 
cubic  feet  of  iron  (specific  gravity  7)  when  under  water  by 
means  of  the  machine  illustrated  in  Fig.  80  ? 
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The  Screw. — Consider  a  screw-jack  with  a  moving 
force  F  applied  at  the  end  of  a  lever  /  feet  long  and  about 
to  raise  a  weight  W,  the  coefficient  of  friction  between 
the  nut  and  the  screw  being  //.  Let  the  pitch  of  the 
threads  be  p  and  the  mean  radius  of  the  screw  be  r. 
Consider  the  screw  unwrapped,  as  shown  in  Fig.  81;  the 
thread  then  forms  the  hypothenuse  of  a  triangle.  The 
sum  of  the  normal  pressures  between  the  screw  and  the 


nut,  N,  and  the  sum  of  the  friction  forces,  fiN,  act  as 
shown. 

Let  the  displacement  be  one  revolution  of  the  screw, 
then  the  force  F  will  be  displaced  2nl  feet,  the  weight, 
W,  p=27ir  tan  0  feet,  the  friction  forces,  pN ',  will  be  dis- 
placed along  one  turn  of  the  screw,  or  the  hypothenuse 
of  the  unwrapped  screw  2nr  sec  0,  while  tbe  normal  pres- 
sure suffers  no  effective  displacement.  Therefore  by  the 
principle  of  work,  assuming  no  change  in  velocity,  we 

have 

F(2nl)-W(2nr  tan  6)-  fiN(2xr  sec  0)  =  o. 
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We  must  now  determine  N.  This  can  be  done  by  plac- 
ing the  sum  of  the  vertical  components  of  all  forces 
equal  to  zero,  as  there  is  no  acceleration;  thus 


and 


-W+ N  cos  0-  fiN  sin  6  =  0. 

W 
cos  0—  fj.  sin  0* 

iWr  sec  0 


cos  a  —  {I.  sin  0' 


If  <j>  be  the  angle  of  friction  so  that  /i=tan  $,  this  ex- 
pression reduces  to 

Fl=Wrt2in(0+<!>). 

EXERCISE  312.  Show  that  if  the  weight  W  in  the  preceding 
discussion  is  about  to  move  down  the  force  FI  applied  at  the 
lever  is 

Wr 

F!  =  T  tan  (#-<£). 

EXERCISE  313.  If  #=<£,  interpret  the  result  of  Ex.  312. 

EXERCISE  314.  The  pitch  of  a  screw  in  a  screw-jack  is  A 
inch,  it  is  turned  by  a  handle  19  inches  long,  the  depth  of 
the  thread  is  Jf  of  the  pitch,  the  diameter  of  the  cylinder  is 
3  inches.  If  the  coefficient  of  friction  is  0.06,  what  force  is 
necessary  to  raise  200  pounds  ? 

The  Efficiency  of  a  machine  is  the  ratio  of  the  useful 
work  to  the  total  work,  or 

useful  work 

Efficiency  =  — . 

total  work 

EXERCISE  315.  Find  the  efficiencies  of  the  machines  de- 
scribed in  Ex.  309,  310,  and  314. 
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The  Mechanical  Advantage  or  force  ratio  of  a  machine 
is  the  ratio  of  the  force  overcome  to  the  force  exerted,  or 

force  overcome 

Mechanical  advantage  =  —  —  —  . 

force  exerted 

EXERCISE  316.  Find  the  mechanical  advantages  of  the 
machines  described  in  Ex.  309,  310,  and  314. 

In  certain  machines,  such  as  the  steam-engine,  where 
the  driving  force  is  the  varying  pressure  of  a  fluid,  an 
"  indicator"  is  used  to  determine  the  pressure  at  each 
point  of  the  stroke.  The  mean  effective  pressure  can 
thus  be  found  experimentally.  The  horse-power  calcu- 
lated by  means  of  this  mean  effective  pressure  is  called 
the  Indicated  Horse  Power  (I.H.P.). 

EXERCISE  317.  Show  that  —  -  is  the  I.H.P.  of  a  double- 


acting  engine  if  />=mean  effective  pressure  in  pounds  per 
square  inch,  /=  length  of  stroke  in  feet,  a=area  of  piston  in 
square  inches,  n  =  number  of  revolutions  per  minute. 

EXERCISE  318.  The  cylinder  of  a  steam-engine  has  an  in- 
ternal diameter  of  3  feet,  length  of  stroke  6  feet,  and  it  makes 
10  strokes  per  minute.  What  must  be  the  mean  effective 
pressure  so  that  the  I.H.P.  is  125  ? 

EXERCISE  319.  An  engine  working  at  50  H.P.  with  a  mean 
effective  pressure  of  75  pounds  per  square  inch  in  two  cylin- 
ders has  a  stroke  of  2  feet.  If  the  area  of  each  piston  is  72 
square  inches,  how  many  revolutions  will  the  engine  make 
per  minute  ? 

EXERCISE  320.  What  I.H.P.  will  be  developed  by  a  gas- 
engine  having  a  1  2-inch  piston  and  an  8-inch  crank  when 
making  150  revolutions  per  minute  with  a  mean  pressure  of 
62  pounds  per  square  inch  ? 
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The  I.H.P.  of  an  engine  gives  the  energy  exerted  by 
the  steam  or  fluid  used  to  drive  the  engine  and  not  the 
work  which  the  engine  can  do  in  overcoming  resistances. 
The  commercial  value  of  an  engine  depends  largely  on 
its  efficiencv  or  the  ratio  of  the  work  done  to  the  energy 
exerted.  One  method  of  calculating  the  work  done  is  to 
use  an  instrument,  called  a  Dynamometer,  for 
measuring  the  output  of  work. 

One  form  of  dynamometer  is  shown  in  Fig.  T 
82.  Here  P  represents  a  pulley  fastened  to 
the  shaft  of  the  engine  and  rotating  with  it. 
A  rope  circles  about  it  and  carries  at  one  end 
a  weight  W  while  its  other  end  is  fastened  to 
a  spring  balance. 

If  the  pulley  rotates  in  the  direction  shown 

FIG.  82 
by  the  arrow  the  friction  between  the  rope 

and   the  pulley   will  tend   to   raise   the  weight  W  and 
diminish    the    reading  of  the  spring  balance. 

Assume  the  pulley  to  rotate  with  a  constant  velocity  of 
n  revolutions  per  minute.  It  will  be  acted  on  by  three 
forces :  the  force  exerted  by  the  engine ;  N,  the  sum  of  the 
normal  pressures  of  the  rope ;  and  F,  the  sum  of  the  fric- 
tion forces  due  to  the  rope.  If  we  denote  the  work  done 
by  the  engine  per  minute  by  E  and  the  radius  of  the 
pulley  by  r,  we  have  by  the  principle  of  work 


for  the  normal  pressure  exerted  by  the  rope  suffers  no 
effective  displacement, 

/.  E=2nrnF. 


1 86 


KINETICS 


Consider  now  the  rope  acted  on  by  four  forces :  AT,  the 
sum  of  the  normal  pressure  exerted  by  the  pulley ;  T,  the 
pull  exerted  by  the  spring  balance;  F,  the  sum  of  the 
friction  forces;  and  W.  As  the  rope  is  in  equilibrium  the 
sum  of  the  moments  about  the  center  of  the  shaft  must 
be  zero.  (Why  is  the  center  of  the  shaft  selected  as  the 
origin  of  moment?) 

Therefore  Wr—  Tr—  Fr=o,  the  normal  pressures  not 
entering  the  equation,  as  their  lines  of  action  all  pass 
through  the  center  of  the  shaft.  Thus 


and 


F=W-T, 

E=2xrn(W-T). 


Under  the  conditions  assumed  the  dynamometer  absorbs 

27irn(W-  T) 

and  wastes  in  friction  —  -H.P. 

33,000 


FIG.  83 

This  result  is  called  the  brake  horse-power  (B.H.P.)  of 
the  engine  and  the  efficiency  of  the  engine  would  be  the 
ratio  of  the  B.H.P.  to  the  I.H.P. 

EXERCISE  321.  In  Fig.  82  assume  W  as  100  pounds  and 
the  reading  of  the  spring  balance  as  120  pounds.  In  which 
direction  does  the  shaft  turn?  What  power  is  absorbed  if 
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the  shaft  makes  100  revolutions  per  minute,  the  radius  of  the 
pulley  being  2  feet  ? 

Another  form  of  dynamometer  is  shown  in  Fig.  83; 
this  form  is  known  as  the  Prony  Brake.  Here  the  friction 
and  thus  the  power  absorbed  can  be  varied  by  tightening 
the  screws  M  and  N. 

EXERCISE  322.  Calculate  the  power  absorbed  by  the  brake 
shown  in  Fig.  83  if  a  weight  W  at  an  arm  /  just  balances  the 
torque  due  to  the  friction  of  the  brake  and  the  shaft  makes  n 
revolutions  per  minute. 

EXERCISE  323.  How  many  revolutions  per  minute  must  the 
shaft  of  an  engine  make  if  its  B.H.P.  is  50  and  a  Prony  brake 
is  balanced  by  100  pounds  at  an  arm  of  4  feet  ? 


CHAPTER  IX 

IMPACT 
SECTION  XXX 

INTRODUCTION  AND   DEFINITIONS 

IMPACT  (or  Collision)  occurs  whenever  two  bodies  mov- 
ing towards  each  other  come  in  contact.  During  contact 
each  body  exerts  a  force  upon  the  other  and  the  velocities 
of  the  bodies  change  rapidly;  thus  great  accelerations  are 
produced  and  therefore  great  forces  are  called  into  play. 
This  is  illustrated  in  the  use  of  a  hammer.  If  the  collid- 
ing bodies  were  rigid,  the  duration  of  the  impact  would 
be  instantaneous  and  infinite  forces  would  result.  If  we 
examine  the  surface  of  two  ivory  balls,  previously  oiled, 
after  impact,  it  will  be  noticed  that  the  area  of  contact 
during  impact  must  have  been  much  greater  than  when 
they  simply  rest  against  each  other.  During  collision 
the  distance  between  their  mass-centers  is  less  than  the 
sum  of  the  radii  of  the.  spheres.  The  mutual  forces 
exerted  increase  from  zero  to  a  maximum,  which  occurs 
when  the  compression  is  greatest,  and  then  decreases  to 
zero.  Thus  the  duration  of  impact  can  be  separated  into 
two  periods,  a  period  of  compression  and  a  period  of 
restitution.  At  the  instant  of  maximum  compression, 
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just  before  restitution  takes  place,  the  bodies  must  pos- 
sess the  same  velocity. 

It  is  found  by  experiment  that  the  velocity  of  one  body 
relative  to  the  other  before  impact  is  never  equal  to  the 
relative  velocity  after  impact.  This  is  due  to  the  imper- 
fect elasticity  of  the  bodies,  owing  to  which  the  sum  of  the 
forces  acting  during  restitution  are  always  less  than  the 
sum  of  the  forces  of  compression.  The  ratio  of  the  rela- 
tive velocity  after  impact  to  the  relative  velocity  before 
impact  is  called  the  coefficient  oj  restitution  and  is  denoted 
by  e.  It  is  a  constant  to  be  determined  experimentally. 
Thus 

relative  velocity  after  impact 
relative  velocity  before  impact' 

the  minus  sign  being  introduced  to  render  e  positive. 

If  the  colliding  bodies  are  perfectly  elastic,  then  e=i; 
if  perfectly  inelastic  e  =  o.  In  nature  neither  of  these  ex- 
tremes occur.  Some  values  of  e  are  as  follows:  glass, 
0.94;  ivory,  0.8 1 ;  cast  iron,  0.66;  lead,  0.2. 

When  the  velocities  of  the  mass-centers  are  parallel  be- 
fore collision,  the  impact  is  called  direct. 

When  the  line  of  action  of  the  resultant  force  of  impact 
passes  through  the  mass-centers  of  both  colliding  bodies 
and  the  velocities  of  the  mass-centers  are  along  this  line, 
the  impact  is  said  to  be  direct  and  central. 

If  the  line  of  action  of  the  force  of  impact  coincides 
with  the  direction  of  the  velocity  of  the  mass-center  of 
one  of  the  bodies  but  does  not  pass  through  the  mass- 
center  of  the  other  body,  the  impact  is  direct  and  eccentric. 

If  none  of  the  above  conditions  are  fulfilled,  the  impact 
is  oblique. 


KINETICS 

While  considering  the  impact  of  bodies,  forces  other 
than  those  due  to  impact — such  as  weight,  etc. — can  be 
neglected.  The  reason  for  this  becomes  evident  when 
the  short  duration  of  the  impact  and  therefore  the  rela- 
tively great  magnitude  of  the  forces  of  impact  are  taken 
into  account. 

EXERCISE  324.  What  relation  exists  between  the  relative 
velocities  before  and  after  impact  when  the  bodies  are  (a) 
perfectly  elastic,  (b)  perfectly  inelastic? 

EXERCISE  325.  Draw  sketches  illustrating  the  various  kinds 
of  impact. 

SECTION  XXXI 

IMPACT  UPON  A  FIXED   SMOOTH  PLANE 

The  fixed  plane  in  this  case  is  to  be  considered  as  a 
portion  of  the  earth,  so  that  the  impact  really  occurs 
against  the  whole  earth.     The  mass  of  the  earth  being 
far  greater  than  that  of  the  impinging  body,  wre.  will  con- 
sider the  velocity   of   the   earth   to 
remain  unchanged  by  the  impact  or 
more  simply  to  remain  zero. 

As  in  Fig.  84,  let  the  velocity,  v, 
of  the  sphere  before  impact  make 
an  angle  0  with  the  normal  to 

the    plane.      Resolve    this    velocity 
FIG.  84 

into  a  normal  (v  cos  6)  and  a  tan- 
gential (v  sin  6)  component.  If  friction  is  negkrh'd, 
only  the  normal  component  will  be  affected  by  the  im- 
pact. 

If  e  is  the  coefficient  of  restitution,  u  the  velocity  of 


^CJ. 

Cx* 
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the  sphere  after  impact,   and   </>   its   inclination  to  the 
normal, 

u  sin  (/>  =  v  sin  0, 

and  u  cos  <j>=—e(—iv  cos  6)  —  e  v  cos  6, 

from  which  both  u  and  </>  can  be  found. 

EXERCISE  326.  Solve  for  u  and  </>  above. 

EXERCISE  327.  A  billiard-ball  strikes  a  cushion  at  an  angle 
of  45°.  If  e=  J,  find  the  angle  of  rebound.  What  would  be 
the  angle  if  perfect  elasticity  is  assumed  ? 

EXERCISE  328.  A  ball  falls  from  a  height  16  feet  above  a 
level  floor.  Find  the  velocity  of  rebound  and  the  height  to 
which  the  ball  will  rebound  if  the  coefficient  of  restitution  is 

o-75- 

EXERCISE  329.  At  what  angle  must  a  body  whose  coeffi- 
cient of  restitution  is  J  be  incident  on  a  hard  plane  that  the 
angle  made  by  its  path  before  and  after  impact  may  be  a 
right  angle  ? 

EXERCISE  330.  A  ball,  whose  coefficient  of  restitution  is  e, 
projected  from  a  given  point  in  a  circle  returns  to  the  same 
point  after  two  rebounds  from  the  interior  of  the  circle.  Find 
the  angle,  0,  made  by  the  direction  of  projection  with  the 
radius  at  the  given  point. 

SECTION  XXXII 

DIRECT  CENTRAL  IMPACT 

Consider  two  spheres  (masses  m\  and  m2)  moving  along 
their  line  of  centers  with  velocities  u\  and  u2  before  im- 
pact (Fig.  85  (a)).  During  the  first  period  of  impact 
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the  variable  force  of  compression,  P,  acts  until  the  spheres 
have  a  common  velocity,    V   (Fig.   85  (&)).     Therefore, 
considering   the    mass  wi,  we   have 
-L>      «g>      at  any  instant  during  compression 

(«)     I  I  -   1  -P  =  mia  =  m1(^, 

at 

^          or 

^~^^^ 

(6) 


I  Pdt  = 
•/ 


From  mass  w2, 

't'l     ^  |j2 

<c>  f  Y.J  *25? 

or 

/  Pdt=m2v\    =m2(V—u2). 

P,  although  varying,  acts  equally  upon  m\  and  m2l  but  in 
opposite  directions,  and  the  time  during  which  it  acts 
is  evidently  equal  for  both,  so  that  we  may  equate  the 

values  of  /  Pdt,  which  measures  the  total  impulse  acting 
upon  either  sphere  during  compression,  and  obtain 


from  which  V= 


Similarly,  if  R  represents  the  varying  force  of  restitu- 
tion, we  have  for  the  second  period  of  the  impact 


r 


TI 

__k 


/—it;2 
Rdt  =  m2v      =  m2(v2-  V) ; 
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so  that  mi(V-Vi)  =  m2(v2-  F), 

and 


Equating  the  values  of  F,  we  find 

(l) 


This  equation  contains  two  unknowns,  Vi  and  V2;  to 
solve  for  either  we  must  have  recourse  to  the  experi- 
mental fact  that 

Vi~V2 

e=-         —  ,      ......     (2) 

f*l-«2 

where  Vi—v2  and  u\  —  u2  are  the  velocities  of  m\  relative 
to  m2  after  and  before  the  impact. 
From  the  last  equation  we  find 


and  then  from  (i), 

m\u\  4-  m2u2—  em2(ui  —  u2) 
mi  4-  m2 

Similarly 

v2  =  ™1"1     m<1 


EXERCISE  331.  Find  the  total  impulse  exerted  during  the 
impact  by  considering  the  change  of  momentum  of  either 
mass. 

Solve  the  following  exercises  without  substituting  in  the 
results  above  obtained. 

EXERCISE  332.  Show  that  two  spheres  of  equal  weight  and 
perfectly  elastic  will  exchange  their  velocities  after  impact. 
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EXERCISE  333.  Two  inelastic  bodies  weighing  12  and  7 
pounds  move  in  the  same  direction  with  velocities  of  8  and 
5  feet  per  sec.  Find  the  velocity  lost  by  one  and  that  gained 
by  the  other. 

EXERCISE  334.  A  mass  m\  moving  with  a  velocity  of  n  ft. 
per  sec.  impinges  on  a  mass  m2  moving  in  the  opposite  direc- 
tion with  a  velocity  of  5  ft.  per  sec.  By  impact  m\  loses  one- 
third  of  its  momentum.  What  are  the  relative  magnitudes  of 
nil  and  w2? 

EXERCISE  335.  Two  bodies  of  masses  m\  and  m2  are  per- 
fectly elastic  and  move  in  opposite  directions,  m\  is  treble  w2, 
but  w2's  velocity  is  double  that  of  m\.  Determine  their  veloc- 
ities after  impact. 

EXERCISE  336.  mi(  =  ^m2)  impinges  on  m2  at  rest.  ;;/i's 
velocity  after  impact  is  f  of  its  velocity  before  impact.  Find  e. 

EXERCISE  337.  Two  bodies  m\  and  m2  moving  in  opposite 
directions,  with  velocities  of  25  and  16  ft.  per  sec.,  collide. 
Find  the  distance  between  them  4.5  seconds  after  impact. 


Loss  of  Kinetic  Energy  in  Impact 

During  the  first  period  of  impact  the  velocities  of  the 
impinging  masses  change  from  u\  and  u2  to  a  common 
velocity  V. 

The  kinetic  energy  after  impact  is 


Before  impact  the  energy  was 
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Therefore  subtracting   the   kinetic  energy  after  impact 
from  that  before  impact  we  have 

\2  -\-u-22— 


As  this  is  always  a  positive  quantity,  the  kinetic  energy 
must  have  decreased.  This  is  to  be  expected,  for  the 
work  of  compression  during  the  first  period  is  done  at 
the  expense  of  the  kinetic  energy  of  the  system. 

If  the  bodies  are  perfectly  inelastic  none  of  this  loss  is 
returned  to  the  system,  as  there  are  no  forces  of  restitu- 
tion. 

If  the  bodies  are  perfectly  elastic  all  the  energy  returns 
to  the  system  during  the  period  of  restitution. 

EXERCISE  338.  If  the  coefficient  of  restitution  is  et  show 
that  the  loss  of  kinetic  energy  of  the  system  is 


What  forms  does  this  energy  assume  ? 
SECTION  XXXIII 

DIRECT   ECCENTRIC  IMPACT 

This  section  differs  from  Section  XXXII  in  that  here 
the  line  of  action  of  the  force  of  impact  no  longer  passes 
through  the  mass-center  of  both  bodies.  This  newr  con- 
dition will,  of  course,  produce  both  a  translation  and  a 
rotation  in  one  of  the  bodies. 
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To  fix  our  ideas  let  the  bar  (Fig.  86)  represent  the 
one  body  and  the  sphere  the  other.  Let  w2  be  the  initial 
velocity  of  the  sphere,  and  let  its  direction  coincide  with 
the  line  of  action  of  the  force  of  impact.  Assume  the 


FIG.  86 


bar  initially  at  rest;  then  the  motion  due  to  the  impact 
will  be  a  plane  motion  which  can  be  considered  as  a  rota- 
tion about  its  mass-center,  C,  and  a  translation. 

Consider  only  the  motion  resulting  at  the  end  of  the 


FIG.  87 

period  of  compression  and  let  v\  represent  the  velocity  of 
the  translation  of  the  bar,  a>i  its  angular  velocity  about  C 
as  axis  of  rotation,  and  V  the  common  velocity  of  the 


H 


FIG.  88 


sphere  and  the  point  7  of  the  bar,  all  at  the  end  of  the 
first  period  of  impact  (Fig.  87). 

In  Fig.  88  the  bar  is  shown  as  a  free  body;    here  P 
represents  the  varying  force  of  compression.     From  this 
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figure,  by  reason  of  the  equations  of  motion  for  transla- 
tion and  rotation,  we  have 

dv 


n,     -72        (t) 
and  Ph=  k  m\—~r> 


where  m\  is  the  mass  of  the  bar,  k  its  principal  radius  of 
gyration,  and  h  the  distance  between  its  mass-center,  C, 
and  the  point  of  impact,  I. 

From  these  equations  we  obtain 

/Pdt=m\v      =miv\ 
Jo 

and  h  I  Pdt=  k2m\oj\    =  k2mi<i>i\ 


and 


fi  —  I  pdt  =  j-2vi.      ...     (2) 
k  m\J  k 


Equations  (i)  and  (2)  contain  three  unknown  quanti- 
ties, /  Pdt,  1/1,  and  <D\.  Another  equation  can  be  found 
by  considering  the  motion  of  the  sphere.  Here 


dv 


/-. 
Pdt  =  m2v      =w2(F-«2).  ...    (3) 
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This  equation  introduces  still  another  unknown  quan- 
tity, V.  The  last  equation  necessary  for  solution  is  the 
kinematic  equation 


(4) 


EXERCISE  339.  Solve  equations  (i)  to  (4)  for  v\t  wi,  V, 
and  fPfa 

EXERCISE  340.  What  would  be  the  velocities  after  the 
second  period  of  impact  in  the  above  discussion  if  the  bodies 
were  (a)  perfectly  inelastic,  (b)  perfectly  elastic  ? 

EXERCISE  341.  Find  the  kinetic  energy  of  the  above  bar 
after  the  first  period  of  impact. 

EXERCISE  342.  If  the  bar  and  sphere  are  perfectly  inelastic, 
calculate  the  kinetic  energy  lost  by  the  system  after  impact. 

EXERCISE  343.  A  uniform  slender  rod  falls  through  a  height 
h,  retaining  a  horizontal  position  until  one  end  strikes  a  fixed 
obstacle.  Assuming  the  bodies  as  perfectly  inelastic,  find  the 
angular  velocity  of  the  bar  and  the  linear  velocity  of  the  cen- 
ter immediately  after  impact  in  terms  of  h  and  /,  the  length 
of  the  rod. 

EXERCISE  344.  If  in  the  preceding  exercise  the  impact  takes 
place  at  J  of  the  length  of  the  rod  from  one  end,  find  the  veloc- 
ities of  the  end  of  the  bar  immediately  after  impact. 

Example.  —  A  homogeneous  prismatic  bar  in  a  hori- 
zontal position  and  constrained  to  revolve  about  a  ver- 
tical fixed  axis  receives  a  blow  from  a  sphere  whose 
momentum  is  m^v^.  Find  the  angular  velocity  of  the 
bar  in  terms  of  h,  the  distance  between  the  point  of  im- 
pact and  the  mass-center;  wi,  the  mass  of  the  bar;  I,  its 
principal  radius  of  gyration;  and  /  the  distance  from  the 
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axis  to  the  point  of  impact,  the  bodies  to  be  perfectly 
inelastic. 

Solution. — Fig.  89  illustrates  the  problem;  here  A  is 
the  fixed  axis  and  C  the  mass-center  of  the  bar,  and  / 
the  point  of  impact. 


FIG.  89 

Let  v\  and  aj\  be  the  velocities  of  the  bar  after  impact, 
then  from  Fig.  90,  which  shows  the  bar  as  a  free  body, 
we  have 


and  .Ph+Q(l-h)  =  m. 


|C 


FIG.  90 
From  the  sphere  we  have 


dv 

- 
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Therefore  /  (P-Q)dt=miv  |    =  miVi,    .     .     .     (i) 

...     (2) 

/""]  Vi+oti/t 
Pdt=m2v  =  m2(vi  +  iuih—v2)t    .     (?) 

Jt* 

and  as  -4  remains  at  rest, 

Substituting    /  Qdt=    I  Pdt—m\-v^  obtained  from  (i) 
into  (2)  and  solving  for  /  /  Pdt,  we  have 

r         -2  -2 

J 

by  (4)- 

But    /  Pdt  =  m2(v2—vi—a)ih)  from  (3),  and  as 

we  have 


Center  of  Percussion 

Assume  now  that  the  bar,  Fig.  89,  were  free  to  trans- 
late and  that  it  is  required  to  find  where  the  blow  must 
be  struck  so  that  a  certain  point  of  the  bar  (say  ^4)  will 
be  the  instantaneous  axis  of  rotation.  This,  of  course, 
precludes  any  pressure  on  an  axis  (imaginary  or  real)  at  A . 
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In  Fig.  91  the  point  of  impact  so  situated  that  another 
point  A  is  momentarily  at  rest  is  called  the  center  oj  per- 
cussion, corresponding  to  the  spontaneous  center  of  rota- 
tion A. 

To  find  the  center  of  percussion,  consider  the  body  as 
free  under  the  force  of  impact,  P,  and  remember  that  A 


JP 


FIG.  91 

is  to  be  at_rest.  Let  C  (Fig.  91)  be  the  mass-center,  m 
the  mass,  k  the  principal  radius  of  gyration  of  the  body, 
and  assuming  the  dimensions  shown,  we  have 

dv 


and  Ph  =  mk2^. 

dt 

So  that  /  Pdt=mv 

and  h  I  Pdt  =  mk2w, 

where  v  and  a>  are  the  velocities  of  the  bar  after  impact. 

Now  /  Pdt  =  mv  =  ~~  w* 

J  h 

and  v=a>(l—h),  as  A  is  at  rest. 

w"? 


or  (l-h)h  =  k2. 
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Thus,  if  (/—//),  the  distance  from  thejnass- center  to 
the  spontaneous  center  of  rotation,  and  A',  the  principal 
radius  of  gyration  of  the  body,  are  known,  the  distance 
from  the  mass-center  to  the  center  of  percussion,  h,  can 
be  found. 

EXERCISE  345.  Show  that  the  center  of  percussion  and  its 
spontaneous  center  of  rotation  are  convertible  and  reciprocal. 

EXERCISE  346.  Given  a  thin  uniform  rod  4  feet  long,  weigh- 
ing 2  pounds  per  foot,  find  the  point  of  impact  of  a  blow  struck 
with  the  rod  so  that  no  jar  may  be  felt  at  the  hand  holding  the 
rod  (a)  %  foot  from  one  end,  (6)  one  foot  from  the  end,  (c)  at 
the  end. 

EXERCISE  347.  If  the  rod  (Ex.  346)  is  held  in  the  hand  and 
the  end  strikes  a  wall,  where  should  the  hand  be  placed  so  as 
not  to  receive  a  jar  ? 

EXERCISE  348.  A  pendulum  is  constructed  of  a  sphere 
(mass,  M;  radius,  r)  attached  to  the  end  of  a  thin  rod  (mass, 
m;  length,  b).  Where  should  it  be  struck  at  each  oscillation 
so  that  there  will  be  no  forces  due  to  impact  at  the  point  of 
support  ? 

EXERCISE  349.  Find  the  center  of  percussion  of  a  sphere 
which  rotates  about  an  axis  tangent  to  its  surface. 

Ballistic  Pendulum 

The  ballistic  pendulum  was  invented  by  Robbins, 
about  1742,  for  measuring  the  velocities  of  bullets.  Its 
use  is  now  entirely  superseded  by  electrical  methods. 
One  method  of  its  use  was  as  follows:  A  rifle  is  attached 
in  a  horizontal  position  in  front  of  a  heavy  pendulum 
which  can  turn  freely  about  a  horizontal  axis.  The  bul- 
let strikes  the  pendulum  and  penetrates  into  it.  From 
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the  angle  of  recoil  of  the  pendulum  the  velocity  of  the 
bullet  can  be  calculated. 

EXERCISE  350.  Assume  that  the  time  of  penetration  (im- 
pact) is  so  short  that  the  penetration  ceased  before  the  ballis- 
tic pendulum  moves.  Let  M  be  the  mass  of  the  pendulum 
and  bullet,  m  that  of  the  bullet,  v  the  velocity  of  the  bullet  just 
before  impact.  Also  let  h  be  the  distance  of  the  center  of 
gravity  of  the  pendulum  and  bullet,  /  the  distance  of  the  point 
of  impact,  and  k  the  radius  of  gyration  of  the  pendulum  and 
bullet,  all  measured  from  the  axis  of  rotation;  w  the  angular 
velocity  due  to  the  impact  and  <j)  the  maximum  angle  of  recoil. 
Find  v. 
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351.  A  ball  thrown  up  is  caught  by  the  thrower  7  seconds 
afterward.     How   high   did   it   go,   and   with   what   velocity 
was  it  thrown?    How  far  below  its  highest  point  was  it  4 
seconds  after  its  start? 

352.  A  ship  is  sailing  north  at  the  rate  of  8  miles  an  hour. 
In  what  direction  and  how  fast  would  a  man  have  to  walk 
on  her  level  deck  in  order  to  move  at  the  rate  of  7  ft.  per  sec. 
towards  the  east  ? 

353.  A   fly-wheel   moves   with   an   angular  retardation   of 
2  rad.-per-sec.  per  sec.     Its  initial  velocity  was  300  revolutions 
per   minute.     How   many   revolutions   will   it    make   before 
coming  to  rest? 

354.  If  the  radius  of  the  fly-wheel  in  Exercise  353  is  10 
feet,  find  the  acceleration  and  the  velocity  of  any  point  in  its 
rim  one  second  after  it  starts. 

355.  A  particle  moves  so  that 


x=rcos 
y—r  sin  /4-c. 

Find  (a)  the  rectangular  equation  of  its  path, 
(£>)  its  velocity, 
(c)  its  acceleration. 

205 
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356.  Check  by  the  theory  of  dimensions  the  equations 

V* 

arr= 
r 

and  0=0^*  sin/, 

where  the  letters  have  their  usual  significance. 
State  clearly  which,  if  any,  is  incorrect  and  why. 

357.  Starting  with  a  differential  expression  for  acceleration 
deduce  an  expression  for  the  space  between  the  position  of 
a  particle  when  its  velocity  is  5  ft.  per  sec.  and  its  position 
/  seconds  later,  if  the  particle  moves  in  a  straight  line  with  an 
acceleration  of  2  ft.-per-sec.  per  sec. 

358.  A     particle     moves     so     that     x—c(t— sin  f)    and 
y=c(i  —  cos  /). 

Find  (a)  the  rectangular  equation  of  its  path, 
(6)  its  velocity, 
(c)  its  acceleration. 

359.  (b)  A  fly-wheel  makes  100  revolutions  before  coming 
to  rest.     If  its  initial  velocity  was  120  revolutions  per  minute, 
what  is  its  angular  acceleration  in  radians-per-sec.  per  sec.? 

360.  (a)  Deduce  from  the  equations  of  motion  the  equation 
of  the  trajectory  of  a  particle  whose  initial  velocity  and  its 
inclination    to    the    horizontal  are   100  ft.  per  sec.  and  60° 
respectively. 

(b)  From  the  result  of  (a)  find  the  range  on  horizontal 
ground. 

361.  It  is  affirmed  that 

(a)  Force  is  the  fate  of  change  of  energy  with  respect 

to  time. 

(b)  Force  is  the  rate  of  change  of  energy  with  respect 

to  space. 
Test  these  statements  by  the  theory  of  dimension^. 

362.  Starting  with  the  equations  of  motion  of  a   particle 
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projected  with  an  initial  velocity  of  100  ft.  per  sec.  at  an  angle 
whose  tangent  is  f,  find 

(a)  the  velocity  of  the  particle  1.5  seconds  after  starting, 

(b)  the  range  on  horizontal  ground. 

363.  Show   from   the    equations   of   motion   of   a   part  Me 
sliding  down  a  curve  lying  in  a  vertical  plane  that  the  velocity 
attained  is  independent  of  the  nature  of  the  curve. 

364.  Find  the  centripetal  acceleration  of  a  particle  moving 
in  a  circle  of  radius  r  feet  when 

(a)  its  velocity  is  v  ft.  per  sec., 

(b)  it  revolves  n  times  per  minute, 
(f)  its  period  is  T  seconds. 

365.  A  fly-wheel  starts  with  an  angular  velocity  of  OJQ  at 
t=2   and   has   a   constant   angular  acceleration  a.     Starting 
with  a  differential  equation,  find  the  angle  through  which  it 
will  turn  between  /=2  and  t=t  seconds. 

366.  A  particle  moves  with  a  constant  acceleration  a.     If 
its  velocity  at  the  time  1=2  was  v^,  nnd  its  velocity  at  any 
time  t  and  the  distance  between  its  position  at  1=2  and  its 
position   at    any   subsequent   time   /.     The   results   must   be 
derived  from  the  differential  equations  of  motion. 

367.  A  mass  of  20  pounds  rests  upon  a  horizontal  plank, 
the  coefficient  of  friction  between  the  two  being  0.3.     What 
horizontal   force   is   necessary    to    make   the    body   traverse 
8  foct  in  2  seconds?     What  velocity  will  the  mass  possess  £ 
of  a  second  after  the  start  ? 

368.  A  weight  of  64  pounds  rests  upon  a  horizontal  board 
in  a  railway  car  and  is  attached  to  a  spring  balance  by  a 
horizontal  cord.     If  the  coefficient  of  friction  is  o.i  and  the 
car  moves  with  an  acceleration  of  5  ft.  per  sec.,  what  will  be 
the  reading  of  the  spring  balance?     After  a  uniform  velocity 
has  been  attained,  what  friction  force  will  act  on  the  weight? 

369.  A  six-inch  rapid-fire  gun  discharges  5  projectiles  per 
minute,  each  weighing  TOO  pounds,  with  a  velocity  of  2800 
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feet  per  second.  What  kinetic  energy  do  the  projectiles 
possess  on  leaving  the  gun?  What  is  the  horse-power  ex- 
pended ? 

370.  A  spring  is  stretched  3  feet  by  a  weight  of  96  pounds. 
If  this  weight  be  pulled  down  2  additional  feet  and  let  go, 
find  the  time  of  one  complete  vibration. 

371.  A  train  of  60  tons  weight  is  rounding  a  curve  of  radius 
one  mile  with  a  velocity  of  20  miles   per  hour.     What  is  the 
horizontal  pressure  on  the  rails  ? 

372.  The  weight  of  a  fly-wheel  is  8000  pounds  and   its 
radius  of  gyration  is  '20  feet;   the  diameter  of  the  axle  is  14 
inches.     The  friction  force  at  the  axle  is  1600  pounds.     If  the 
wheel  is  disconnected  from  the  engine  when  making  27  revo- 
lutions per  minute,  find  how  many  revolutions  it  will  make 
before  it  stops. 

373.  (a)  Define:   Kinematics,  Kinetics,  Acceleration,  Force, 
and  Momentum. 

(b)  Deduce  the  dimensions  of  Acceleration,  Force,  Momen- 
tum, Angular  Acceleration,  and  Normal  Acceleration. 

374.  An   elevator,    starting    from    rest,    has   a   downward 
acceleration  of  \g  for  i  second,  then  moves  with  constant 
velocity  for  three  seconds,  and  then  has  an  upward  acceleration 
of  Jg  until  it  comes  to  rest. 

(a)  How  far  does  it  descend  ? 

(b)  How  much  would  a  lo-pound  mass  appear  to  weigh 

on  a  spring  balance  during  the  descent  ? 

375.  (a)  A  weight  of  40  pounds  is  projected  along  a  rough 
horizontal  plane  with  a  velocity  of   150  ft.   per  sec.     The 
coefficient  of  friction  is  J.     How  far  will  the  weight   move 
in  the  first  five  seconds? 

(b)  If  the  plane  in  (a)  be  inclined  so  that  its  slope  is  },  how 
far  would  the  weight  move  before  coming  to  rr>t  ' 

376.  (a)  Define:    Centripetal  Acceleration. 

(b)  A  tiartirle  whose  weight  is  100  pounds  revolves  about  a 
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vertical  axis  in  a  circle  whose  radius  is  4  feet.  What  force 
must  act  upon  the  particle  if  the  action  of  gravity  is  neglected 
and  the  particle  makes  10  revolutions  per  second  ? 

(c)  Describe  carefully  the  direction  in  which  the  force  com- 
puted in  (b)  acts. 

377.  A  fly-wheel  whose  weight  is  2000  pounds  and  whose 
radius  of  gyration  is  5  feet  revolves  at  the  rate  of  100  revolu- 
tions per  minute.     How  long  will  it  take  a  force  of  100  pounds, 
applied  tangentially  to  an  axle  2  feet  in  diameter,  to  bring  the 
fly-wheel  to  rest? 

378.  Find  the  M.  of  I.  of  a  right  circular  cylinder  about 
a  diameter  of  its  base  as  axis.     Let  the  altitude  of  the  cylinder 
be  h  and  the  radius  of  its  base  be  r. 

379.  If  the  M.  of  I.  of  a  triangular  plate,  whose  base  is  b 

and  altitude  is  h,  about  its  base  is  —  — ,  where  /  is  the  thick- 
ness and  d  the  density  of  the  plate,  find  the  M.  of  I.  of  the 
plate  about  an  axis  through  its  vertex  and  parallel  to  its  base. 

380.  What  force  must  be  applied  to  a  body  whose  weight 
is  loo  pounds  to  cause  it  to  fall  with  an  acceleration  of 

(a)  40  ft.-per-sec.  per  sec.  ? 

(b)  10  ft.-per-sec.  per  sec.  ? 

381.  (a)  What  is  the  kinetic  energy  of  a  car,  weighing  2.5 
tons,  moving  6  miles  per  hour  and  loaded  with  36  passengers 
each  of  an  average  weight  of  154  pounds? 

(b)  What  force  would  stop  this  car  in  the  time  it  would  take 
the  car  to  move  100  feet  ? 

382.  Find  the  horse-power  of  an  engine  which  is  drawing 
1 20  tons  up  an  incline  of  i  in  300  at  30  miles  per  hour  against 
wind  and  frictional  resistances  of  20  pounds  per  ton. 

383.  A  fly-wheel  has  an  angular  acceleration  of  3  rad.-per- 
sec.  per  sec.     How  many  revolutions  will  it  make  before  its 
velocity  increases  from  10  revolutions  per  minute  to  10  revo- 
tions  per  second  ? 
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384.  A  mass  of  200  pounds  is  acted  on  by  a  force  of  10 
pounds  pulling  towards  the  north  and  a  force  of  10  pounds 
pulling  towards  the  east.     In  what  direction  will  the  mass 
move  and  how  far  will  it  go  in  one  hour  if  it  starts  from  rest  ? 

385.  A  body  weighing  200  pounds  is  moved  from  a  state 
of  rest,  and  is  found  subsequently  to  be  moving  at  the  rate  of 
12  ft.  per  sec.  after  having  traversed  30  feet.     If  the  friction 
amounted  to  30  pounds,  what  force  was  pulling  the  body? 

386.  A  blacksmith's  helper  using  a  i6-pound  sledge  strikes 
20  times  a  minute  with  a  velocity  of  100  feet  per  min.     At 
what  rate  is  he  working? 

387.  From  the  second  law  of  motion  deduce  the  formula 
F=ma.     How  is  the  unit  of  mass  determined?    If  a  force  of 
10  pounds  acts  on  a  mass  of  100  pounds,  what  space  will  the 
mass  traverse  in  5  minutes  ? 

388.  State  clearly  the  difference  between  Work  and  Power. 
Deduce  the  dimensions  of  each.     A  mass  of  10  pounds  moves 
at  the  rate  of  1250  ft.  per  sec.,  find  the  distance  through  which 
it  would  overcome  a  resistance  of  1,000,000  pounds. 

389.  An  inclined  plane  has  a  base  120  feet  long  and  is  50 
feet  high;    the  coefficient  of  friction  between  it  and  a  body 
weighing  50  pounds  placed  on  it  is  0.5.     How  many  units  of 
work  are  required  to  draw  the  body  up  the  plane  and  how 
many  to  draw  it  down  the  plane? 

390.  What  must  be  the  effective  horse-power  of  a  locomotive 
which  moves  at  a  constant  speed  of  40  mi.  per  hr.  on  level 
rails,  the  resistance  being  15  pounds  per  ton,  and  the  weight 
of  engine  and  train  being  100  tons  ? 

If  the  rails  were  laid  on  a  gradient  i  to  100,  what  additional 
horse-power  would  be  required  ? 

391.  Show  how  the  kinetic  energy  of  a  system  of  pa  nit  Us, 
ni\,  WL>,  m\\,  ...  all  revolving  about  an  axis  at  radii  of  r,,  r2, 
r3  .  .  .  respectively,  with  an  angular  velocity  aj,  may  be  com- 
puted. 
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392.  Compute  the  radius  of  gyration  of  a  right  circular  cone 
of  altitude,  </,  radius  of  base,  b,  about  a  diameter  of  its  base 
as   axis. 

393.  A  cylinder  (mass  =  w,  radius=r,  principal   radius   of 
gyration  =  £)  rolling  upon  a  horizontal  plane  has  attached  to 
its  axis,  by  means  of  a  horizontal  string  passing  over  a  pulley, 
a  ma~o  m\  hanging  freely.     Find  the  acceleration  of  m\  and 
the  distance  it  would  descend  in  /  seconds  starting  from  rest. 

394.  The  average  pressure  on  the  piston  of  a  steam-engine 
is  60  Ibs.  per  sq.  in.,  the  area  of  the  piston  is  i  sq.  ft.,  and  the 
length   of   stroke    18   inches.     How  many   strokes  does  the 
engine  make  per  minute  if  it  registers  8  horse-power? 

395.  Find  the  dimensions  of  the  constant  c  in  the  formula 
F=cma. 

396.  A  fly-wheel  weighs  10,000  pounds,  and  is  of  such  size 
and  shape  that  the  matter  composing  it  may  be  treated  as  if 
concentrated  on  the  circumference  of  a  circle  12  feet -in  radius. 
What  is  its  kinetic  energy  when  making  fifteen  revolutions 
per  minute?     How  many  turns  would  it  make  before  coming 
to  rest  if  the  steam  were  cut  off  and   it  moved  against  a  fric- 
tion of  400  pounds  exerted  on  the  circumference  of  an  axle 

i  foot  in  diameter?     ln=* — ,  #=32.) 

397.  Define   Center  of  Percussion  and   Spontaneous  -Axis 
of  Rotation.     Find  at  what  point  of  a  thin  uniform  rod  4  feet 
long,  weighing   16  pounds  per  foot,  a  blow  may  be  struck 
without  jarring  the  hand  holding  the  rod  J  foot  from  one  end. 
(Moment  of  Inertia  of  rod  about  axis  through  center  of  gravity 

I2  \ 
perpendicular  to  rod  is  m  — . ) 

398.  A  uniform  slender  bar  4/  feet  long  possesses  a  linear 
velocity  v  perpendicular  to  its  length  and  at  the  same  time 

an  angular  velocity  oj— about  its  center  of  gravity.     Find 
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the  resultant  instantaneous  velocities  of  the  ends  and  middle 
point  of  the  bar  in  terras  of  v  and  /.  Which  point  of  the  bar 
is  instantaneously  at  rest? 

399.  If  a  conical  pendulum  be  10  feet  long,  the  half  angle 
of  the  cone  30°,  and  the  weight  of  the  bob  12  pounds,  find 
the  tension  of  the  thread  and  the  time  of  one  revolution. 

400.  A  fly-wheel,  external  diameter  10  feet  and  thickness 
of  rim  one  foot,  makes  80  revolutions  per  minute.     Find  (a) 
the  angular  velocity,  (b)  the  tangential  velocity,  (c)  the  normal 
acceleration  of  a  point  on  the  external  and  of  a  point  on  the 
internal  circumference  of  the  rim,  and  also  of  the  center  of 
the  fly-wheel.     Draw  diagram  showing  the  directions  of  these 
various  velocities  and  accelerations. 

401.  Two  weights  of  120  and   100  pounds  are  suspended 
by  a  fine  thread  passing  over  a  fixed  pulley  without  friction. 
What  will  be  the  velocity  of  the  weights  5  seconds  from  rest, 
and  what  will  be  the  tension  of  the  thread  ? 

402.  Find  the  velocity  v  of  a  particle  at  the  distance  x 
from  the  center  of  an  attractive  force,  which  varies  inversely 
as  the  square  of  the  distance,  if  the  mass  of  the  particle  is  m 
and  it  starts  from  rest  at  a  distance  a  from  the  center  of  the 
force. 

403.  Define  Coefficient  of  Restitution.     Show  how  we  may 
apply  this  definition  to  finding  the  height  to  which  a  body 
dropped  from  a  height  of  64  feet  on  to  a  horizontal  floor  will 
rise  after  three  rebounds,  the  Coefficient  of  Restitution  being 
J.     (Calculation  should  be  carried  to  two  significant  figures.) 

404.  Find  the  moment,  of  inertia  of  a  rectangular  paral- 
lelepiped, whose  dimensions  are  a,  b,  and  c,  about  an  axis 
through  its  mass-center  parallel  to  the  edges  whose  lengths 
are  a. 

405.  Find  without  integration  the  moment  of  inertia  of  the 
parallelepiped  of  Exercise  404  about  one  of  the  edges,  whose 
length  is  a,  as  axis, 
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406.  Find  the  common  velocity  after  impact  of  two  bodies 
weighing  2  pounds  and   4  pounds  and  moving   in  the  same 
direction    with  velocities    of  6   and   9    ft.  per  sec.   respec- 
tively. 

407.  Calculate  the  kinetic  energy  lost  by  impact  in  Exercise 
406. 

408.  Through  what  chord  of  a  circle  must  a  body  fall  to 
acquire  one-half  the  velocity  gained  by  falling  through  the 
diameter  ? 

409.  A  stone  let  fall  into  a  well  is  heard  to  strike  the  water 
in  /  seconds.    Find  the  depth  of  the  well  if  at  the  time  of  the 
experiment  the  velocity  of  sound  was  w  ft.  per  sec. 

410.  A  sphere,  radius  R,  oscillates  about  an  axis  (a)  tangent 
to  the  sphere,  (b)  at  a  distance  of  10  R  from  the  center  of 

r> 

the  sphere,  (c)  at  a  distance  of  —  from  the  center  of  the  sphere. 

Find  the  length  of  the  equivalent  simple  pendulum  for  each 
case. 

411.  Find   the  principal  axes  of  inertia  passing  through 
the  mass-center  of  a  rectangular  lamina  hXb. 

412.  Find  the  principal  axes  of  inertia  passing  through  the 
vertex  of  the  right  angle  of  a  lamina  in  the  shape  of  a  right 
triangle  whose  legs  are  a  and  b. 

413.  In  the  motion  of  a  particle  down  a  cycloid  prove  that 
the  vertical  velocity  is  greatest  when  it  has  completed  half  its 
vertical  descent. 

414.  A  weight  of  P  pounds  is  drawn  up  a  smooth  plane, 
inclined  at  30°  to  the  horizon,  by  a  weight  of  Q  pounds  which 
falls  vertically;  the  weights  are  connected  by  a  string  passing 
over  a  pulley  at  the  top  of  the  plane.     Find  the  ratio  of  P 
to  Q  if  the  acceleration  of  the  weights  is  J  the  acceleration 
of  gravity. 

415.  Find  the  line  of  quickest  descent  from  the  focus  to  a 
parabola  whose  axis  is  vertical  and  whose  vertex  is  upwards, 
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and  show  that  its  length  is  equal  to  the  latus  rectum  of  the 
curve. 

416.  Two  weights  of  5  and  4  pounds  together  pull  one  of 
7  pounds  by  means  of  a  string  passing  over  a  smooth  fixed 
pulley.     After  descending  through  a  given  space  the  4-pound 
weight  is  detached  without  interrupting  the  motion.    Through 
what  fraction  of  the  "given  space"  will  the  5  pounds  then 
descend  ? 

417.  An  engine  and  train  together  weigh  300  tons.     Their 
speed  is  reduced  by  pressing  brake  blocks  upon  the  wheel 
tires.     The  maximum  pressure  upon  the  blocks  is  600  pounds 
per  ton  and  the  coefficient  of  friction  between  block  and  tire 
is  0.2.     How  far  will  the  train  go  while  the  brakes  reduce 
the  speed  from  (a)  50  to  40  miles  per  hour,  (b)  40  to  30  miles 
per  hour,  (c)  30  miles  per  hour  to  rest? 

418.  A  3-ton  cage  descending  a  shaft  with  a  velocity  of 
27  ft.  per  sec.  is  brought  to  rest  by  a  constant  force  in  a  space 
of  1 8  feet.     What  is  the  tension  in  the  supporting  cable  while 
stopping  the  cage  ? 

419.  A  belt  is  required  to  transmit  4  horse-power  from  a 
shaft  running  at  120  revolutions  to  one  at  160  revolutions  per 
minute.     Find  the  stresses  in  the  belt,  the  small  pulley  being 
2  feet  in  diameter,  and  the  ratio  of  the  tensions  on  the  belt 
being  as  7  is  to  4.     Find  also  the  width  of  belt  that  would  be 
required  in  the  above  case  if  the  stress  is  taken  at  100  pounds 
per  inch  of  width. 

420.  Examine  the  following  statement:    "Every  engineer 
knows  that  a  thing  so  balanced  as  to  stand  in  any  position  is 
not  necessarily  balanced  for  running;   that  a  4-pound  weight 
at  3  inches  from  the  axis  of  rotation  though  balanced  statically 
by  a  i-pound  weight  at  12  inches  from  the  axis  is  not  balanced 
by  it  dynamically.     On  the  contrary,  a  4-pound   weight   at 
5  inches  is  balanced  by  a  i -pound  weight  at  10  inches  from 
the  axis." 
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Mason's  Water-supply.     (Considered  Principally  from  a  Sanitary  Standpoint.) 

3d  Edition,  Rewritten 8vo,  4  oo 

Examination  of  Water.     (Chemical  and  Bacteriological.) i2mo,  i  25 

Matthew's  The  Textile  Fibres 8vo,  3  50 

Meyer's  Determination  of  Radicles  in  Carbon  Compounds.     (Tingle.).  .i2mo,  oo 

Miller's  Manual  of  Assaying i2mo,  oo 

Mixter's  Elementary  Text-book  of  Chemistry i2mo,  50 

Morgan's  Outline  of  Theory  of  Solution  and  its  Results i2mo,  oo 

Elements  of  Physical  Chemistry i2mo,  oo 

Morse's  Calculations  used  in  Cane-sugar  Factories i6mo,  morocco,  50 

Mulliken's  General  Method  for  the  Identification  of  Pure  Organic  Compounds. 

Vol.  I Large  8vo,  5  oo 

O'Brine's  Laboratory  Guide  in  Chemical  Analysis 8vo,  2  oo 

O'Driscoll's  Notes  on  the  Treatment  of  Gold  Ores 8vo,  2  oo 

Ostwald'?  Conversations  on  Chemistry.     Part  One      (Ramsey.) 12010,  i  50 

Ostwald's  Conversations  on  Chemistry.     Part  Two.     (Turnbull  ).     (In  Press.) 

*  Penfield's  Notes  on  Determinative  Mineralogy  and  Record  of  Mineral  Tests. 

8vo,  paper,  50 

Pictet's  The  Alkaloids  and  their  Chemical  Constitution.     (Biddle.) 8vo,  5  oo 

Pinner's  Introduction  to  Organic  Chemistry.     (Austen.) i2mo,  i  50 

Poole's  Calorific  Power  of  Fuels 8vo,  3  oo 

Prescott  and  Winslow's  Elements  of  Water  Bacteriology,  with  Special  Refer- 
ence to  Sanitary  Water  Analysis i2mo,  i  25 
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*  Reisig's  Guide  to  Piece-dyeing 8vo,  25  oo 

Richards  and  Woodman's  Air,  Water,  and  Food  from  a  Sanitary  Standpoint  8vo,    2  oo 

Richards's  Cost  of  Living  as  Modified  by  Sanitary  Science I2mo,     i  oo 

Cost  of  Food,  a  Study  in  Dietaries 12010,    i  oo 

*  Richards  and  Williams's  The  Dietary  Computer 8vo,     i  50 

Ricketts  and  Russell's  Skeleton  Notes  upon  Inorganic  Chemistry.      (Part  I. 

Non-metallic  Elements.) 8vo,  morocco,  75 

Ricketts  and  Miller's  Notes  on  Assaying 8vo,    3  oo 

Rideal's  Sewage  and  the  Bacterial  Purification  of  Sewage 8vo,    3  50 

Disinfection  and  the  Preservation  of  Food 8vo,    4  oo 


Rigg's  Elementary  Manual  for  the  Chemical  Laboratory 8vo, 

Rostoski's  Serum  Diagnosis.     (Bolduan.) i2mo, 

Ruddiman's  Incompatibilities  in  Prescriptions 8vo, 

Sabin's  Industrial  and  Artistic  Technology  of  Paints  and  Varnish 8vo, 

Salkowski's  Physiological  and  Pathological  Chemistry.     (Orndorff.) 8vo, 

Schimpf's  Text-book  of  Volumetric  Analysis i2mo, 


Essentials  of  Volumetric  Analysis I2mo, 

Spencer's  Handbook  for  Chemists  of  Beet-sugar  Houses i6mo,  morocco,  3  oo 

Handbook  for  Sugar  Manufacturers  and  their  Chemists.  .  i6mo,  morocco,  2  oo 

Stockbridge's  Rocks  and  Soils 8vo,  2  50 

*  Tillman's  Elementary  Lessons  in  Heat 8vo,  i  50 

*  Descriptive  General  Chemistry 8vo,  3  oo 

Treadwell's  Qualitative  Analysis.     (Hall.) 8vo,  3  oo 

Quantitative  Analysis.     (Hall.) 8vo,  4  oo 

Turneaure  and  Russell's  Public  Water-supplies 8vo,  5  oo 

Van  Deventer's  Physical  Chemistry  for  Beginners.     (Boltwood.) i2mo,  i  50 

*  Walke's  Lectures  on  Explosives 8-o,  4  oo 

Washington's  Manual  of  the  Chemical  Analysis  of  Rocks 8"o,  2  oo 

Wassermann's  Immune  Sera :  Haemolysins,  Cytotoxins,  and  Precipitins.    (Bol- 
duan.)   I2mo,  i  oo 

Well's  Laboratory  Guide  in  Qualitative  Chemical  Analysis 8vo,  i  50 

Short  Course  in  Inorganic  Qualitative  Chemical  Analysis  for  Engineering 

Students i2mo,  i  50 

Text-book  of  Chemical  Arithmetic i2mo,  i   25 

Whipple's  Microscopy  of  Drinking-water 8vo,  3  50 

Wilson's  Cyanide  Processes i2mo,  i  50 

Chlorination  Process i2mo,  i  50 

Wulling's    Elementary    Course    in  Inorganic,  Pharmaceutical,  and  Medical 

Chemistry i2mo,  2  oo 

CIVIL  ENGINEERING. 

BRIDGES    AND    ROOFS.       HYDRAULICS.       MATERIALS    OF    ENGINEERING. 
RAILWAY  ENGINEERING. 

Baker's  Engineers'  Surveying  Instruments 12 mo,  3  oo 

Bixby's  Graphical  Computing  Table Paper  19^X24!  inches.  25 

**  Burr's  Ancient  and  Modern  Engineering  and  the  Isthmian  Canal.     (Postage, 

27  cents  additional.) 8vo,  3  50 

Comstock's  Field  Astronomy  for  Engineers 8vo,  2  50 

Davis's  Elevation  and  Stadia  Tables 8vo,  i  oo 

Elliott's  Engineering  for  Land  Drainage i2mo,  i  50 

Practical  Farm  Drainage i2mo,  i  oo 

*Fiebeger's  Treatis*  on  Civil  Engineering 8vo,  5  oo 

Folwell's  Sewerage.     (Designing  and  Maintenance.) 8vo,  3  oo 

Freitag's  Architectural  Engineering.     2d  Edition,  Rewritten 8vo,  3  50 

French  and  Ives's  Stereotomy 8vo,  2  50 

Goodhue's  Municipal  Improvements I2mo,  i   75 

Goodrich's  Economic  Disposal  of  Towns'  Refuse 8ro,  3  50 

Gore's  Elements  of  Geodesy 8vo,  2  50 

Hayford's  Text-book  of  Geodetic  Astronomy 8vo,  3  oo 

Bering's  Ready  Reference  Tables  (Conversion  Factors) i6mo,  morocco,  2  50 

5 


Howe's  Retaining  Walls  for  Earth i2mc,  i   25 

Johnson's  (J.  B.)  Theory  and  Practice  of  Surveying Small  8vo,  4  oo 

Johnson's  (L.  J.)  Statics  by  Algebraic  and  Graphic  Methods 8vo,  2  oo 

Laplace's  Philosophical  Essay  on  Probabilities.    (Truscott  and  Emory.),  izmo,  2  oo 

Mahan's  Treatise  on  Civil  Engineering.     (1873.)     (Wood.) 8vo,  5  oo 

*  Descriptive  Geometry 8vo,  i  50 

Memman's  Elements  of  Precise  Surveying  and  Geodesy 8vo,  2  50 

Elements  of  Sanitary  Engineering 8vo,  2  oo 

Merriman  and  Brooks's  Handbook  for  Surveyors i6mo,  morocco,  2  oo 

Nugent's  Plane  Surveying 8vo,  3  50 

Ogden's  Sewer  Design i2mo,  2  oo 

Patton's  Treatise  on  Civil  Engineering 8vo  half  leather,  7  50 

Reed's  Topographical  Drawing  and  Sketching 4to,  5  oo 

Rideal's  Sewage  and  the  Bacterial  Purification  of  Sewa^ 8vo,  3  50 

Siebert  and  Biggin's  Modern  Stone-cutting  and  Masonry 8vo,  i  50 

Smith's  Manual  of  Topographical  Drawing.     (McMillan.) 8vo,  2  50 

Sondericker's  Graphic  Statics,  with  Applications  to  Trusses,  Beams,  and  Arches. 

8vo,  2  oo 

Taylor  and  Thompson's  Treatise  on  Concrete,  Plain  and  Reinforced 8vo,  5  oo 

*  Trautwine's  Civil  Engineer's  Pocket-book iCmo,  morocco,  5  oo 

Wait's  Engineering  and  Archi  ectural  Jurisprudence 8vo,  6  oo 

Sheep,  6  50 

Law  of  Operations  Preliminary  to  Construction  in  Engineering  and  Archi- 
tecture  8vo,  5  oo 

Sheep,  5  50 

Law  of  Contracts 8vo,  3  oo 

Warren's  Stereotomy — Problems  in  Stone-cutting 8vo,  2  50 

Webb's  Problems  in  the  Use  and  Adjustment  of  Engineering  Instruments. 

i6mo,  morocco,  i   25 

*  Wheeler  s  Elementary  Course  of  Civil  Engineering 8vo,  4  oo 

Wilson's  Topographic  Surveying 8vo,  3  50 

BRIDGES  AND  ROOFS. 

Boiler's  Practical  Treatise  on  the  Construction  of  Iron  Highway  Bridges.  .8^0,  2  oo 

*  Thames  River  Bridge 4to,  paper,  5  oo 

Burr's  Course  on  the  Stresses  in  Bridges  and  Roof  Trusses,  Arched  Ribs,  and 

Suspension  Bridges 8vo,  3  50 

Burr  and  Falk's  Influence  Lines  for  Bridge  and  Roof  Computations.  .  .  .8vo,  3  oo 

Du  Bois's  Mechanics  of  Engineering.     Vol.  II Small  4to,  10  oo 

Foster's  Treatise  on  Wooden  Trestle  Bridges 4to,  5  oo 

Fowler's  Ordinary  Foundations 8vo,  3  50 

Greene's  Roof  Trusses 8vo,  i  25 

Bridge  Trusses 8vo,  2  50 

Arches  in  Wood,  Iron,  and  Stone 8vo,  2  50 

Howe's  Treatise  on  Arches 8vo,  4  oo 

Design  of  £ imple  Roof-trusses  in  Wood  and  Steel 8vo,  2  oo 

Johnson,  Bryan,  and  Turneaure's  Theory  and  Practice  in  the  Designing  of 

Modern  Framed  Structures Small  4to,  io  oo 

Merriman  and  Jacoby's  Text-book  on  Roofs  and  Bridges : 

Part  I.     Stresses  in  Simple  Trusses 8vo,  2  50 

Part  II.     Graphic  Statics 8vo,  2  50 

Part  III.     Bridge  Design 8vo,  2  50 

Part  IV.     Higher  Structures 8vo,  2  50 

Morison's  Memphis  Bridge ^ 4to,  10  oo 

Waddell's  De  Pontibus,  a  Pocket-book  for  Bridge  Engineers.  .  i6mo,  morocco,  3  oo 

Specifications  for  Steel  Bridges i2mo.  i  25 

Wood's  Treatise  on  the  Theory  of  the  Construction  of  Bridges  and  Roofs .  .  8vo,  2  cc 
Wright's  Designing  of  Draw-spans: 

Part  I.     Plate-girder  Draws 8vo,  2  50 

Part  II.     Riveted-truss  and  Pin-connected*Long-span  Draws 8vo,  2  50 

Two  parts  in  one  volume . .  8vo,  3  50 
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HYDRAULICS. 

Bazin's  Experiments  upon  the  Contraction  of  the  Liquid  Vein  Issuing  from 

an  Orifice.     (Trautwine.) 8vo,  2  oo 

Bovey's  Treatise  on  Hydraulics 8vo,  5  oo 

Church's  Mechanics  of  Engineering.  .  .                                                  8vo,  6  oo 

Diagrams  of  Mean  Velocity  of  Water  in  Open  Channels paper,  i   50 

Coffin's  Graphical  Solution  of  Hydraulic  Problems i6mo,  morocco,  2  50 

Flather's  Dynamometers,  and  the  Measurement  of  Power i2mo,  3  oo 

Folwell's  Water-supply  Engineering 8vo,  4  oo 

Frizell's  Water-power 8vo,  5  oo 

Fuertes's  Water  and  Public  Health.  .                                                                 i2mo,  i   50 

Water-filtration  Works i2mo,  2  50 

Ganguillet  and  Kutter's  General  Formula  for  the  Uniform  Flow  of  Water  in 

Rivers  and  Other  Channels.     (Hering  and  Trautwine.) 8vo,  4  oo 

Hazen's  Filtration  of  Public  Water-supply 8vo,  3  oo 

Hazlehurst's  Towers  and  Tanks  for  Water-works 8vo,  2  50 

Herschel's  115  Experiments  on  the  Carrying  Capacity  of  Large,  Riveted,  Metal 

Conduits 8vo,  2  oo 

Mason's  Water-supply.     (Considered  Principally  from  a  Sanitary  Standpoint.; 

8vo,  4  oo 

Merriman's  Treatise  on  Hydraulics 8vo,  5  oo 

*  Michie's  Elements  of  Analytical  Mechanics 8vo,  4  oo 

Schuyler's    Reservoirs   for   Irrigation,    Water-power,   and    Domestic    Water- 
supply Large  8vo,  5  oo 

**  Thomas  and  Watt's  Improvement  of  Rivers.     (Post.,  44C.  additional.  ).4to,  6  oo 

Turneaure  and  Russell's  Public  Water-supplies 8vo,  5  oo 

Wegmann's  Design  and  Construction  of  Dams 4to,  5  oo 

Water-supply  of  the  City  of  New  York  from  1658  to  1895 4to,  10  oo 

Williams  and  Hazen's  Hydraulic  Tables 8vo,  i   50 

Wilson's  Irrigation  Engineering Small  8vo,  4  oo 

Wolff's  Windmill  as  a  Prime  Mover 8vo,  3  oo 

Wood's  Turbine* 8vo,  2  50 

Elements  of  Analytical  Mechanics 8vo,  3  oo 

MATERIALS  OF  ENGINEERING. 

Baker's  Treatise  on  Masonry  Construction 8vo,  5  oo 

Roads  and  Pavements 8vo,  5  oo 

Black's  United  States  Public  Works Oblong  4to,  5  oo 

Bovey's  Strength  of  Materials  and  Theory  of  Structures 8vo,  7  50 

Burr's  Elasticity  and  Resistance  of  the  Materials  of  Engineering 8vo,  7  50 

Byrne's  Highway  Construction 8vo,  5  oo 

Inspection  of  the  Materials  and  Workmanship  Employed  in  Construction. 

i6mo,  3  oo 

Church's  Mechanics  of  Engineering 8vo,  6  oo 

Du  Bois's  Mechanics  of  Engineering.     Vol.  I Small  4to,  7  50 

*Eckel's  Cements,  Limes,  and  Plasters 8vo,  6  oo 

Johnson's  Materials  of  Construction Large  8vo,  6  oo 

Fowler's  Ordinary  Foundations. 8vo,  3  50 

Keep's  Cast  Iron 8vo,  2  50 

Lanza's  Applied  Mechanics 8vo,  7  50 

Marten's  Handbook  on  Testing  Materials.     (Henning.)     2  vols 8vo,  7  50 

Merrill's  Stones  for  Building  and  Decoration 8vo,  5  oo 

Merriman's  Mechanics  of  Materials.                                  8vo,  5  oo 

Strength  of  Materials i2mo,  i  oo 

Metcalf's  Steel.     A  Manual  for  Steel-users i2mo,  2  oo 

Patton's  Practical  Treatise  on  Foundations 8vo,  5  oo 

Richardson's  Modern  Asphalt  Pavements 8vo,  3  oo 

Richey's  Handbook  for  Superintendents  of  Construction i6mo,  mor.,  4  oo 

Rockwell's  Roads  and  Pavements  in  France 12010,  i  25 
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Sabin's  Industrial  and  Artistic  Technology  of  Paints  and  Varnish 8vo,  3  oo 

Smith's  Materials  of  Machines i2mo,  i  oo 

Snow's  Principal  Species  of  Wood Svo,  3  50 

Spalding's  Hydraulic  Cement i2ino,  2  oo 

Text-book  on  Roads  and  Pavements izmo,  2  oo 

Taylor  and  Thompson's  Treatise  on  Concrete,  Plain  and  Reinforced Svo,  5  oo 

Thurston's  Materials  of  Engineering.     3  Parts 8vo,  8  oo 

Part  I.     Non-metallic  Materials  of  Engineering  and  Metallurgy Svo,  2  oo 

Part  II.     Iron  and  Steel Svo,  3  50 

Part  III.     A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituents Svo,  2  50 

Thurston's  Text-book  of  the  Materials  of  Construction Svo,  5  oo 

Tillson's  Street  Pavements  and  Paving  Materials Svo,  4  oo 

WaddelTs  De  Pontibus.    (*  Pocket-book  for  Bridge  Engineers.).  .  i6mo,  mor.,  3  oo 

Specifications  for  Stt  i  Bridges .  .  iimo,  i  25 

Wood's  (De  V.)  Treatise  on  the  Resistance  of  Materials,  and  an  Appendix  on 

the  Preservation  of  Timber Svo,  2  oo 

Wood's  (De  V.)  Elements  of  Analytical  Mechanics Svo,  3  oo 

Wood'-  (M.  P.)  Rustless  Coatings:    Corrosion  and  Electrolysis  of  Iron  and 

SteeL Svo,  4  oo 

RAILWAY  ENGINEERING. 

Andrew's  Handbook  for  Street  Railway  Engineers 3x5  inches,  morocco,  i  25 

Berg's  Buildings  and  Structures  of  American  Railroads 4to,  5  oo 

Brook's  Handbook  of  Street  Railroad  Location i6mo,  morocco,  i  50 

Butt's  Civil  Engineer's  Field-book i6mo,  morocco,  2  50 

Crandall's  Transition  Curve z6mo,  morocco,  i  50 

Railway  and  Other  Earthwork  Tables Svo,  i  50 

Dawson's  "Engineering"  and  Electric  Traction  Pocket-book.  .  i6mo,  morocco,  5  oo 

Dredge's  History  of  the  Pennsylvania  Railroad:   (1879) Paper,  5  oo 

*  Drinker's  Tunnelling,  Explosive  Compounds,  and  Rock  Drills. 4to,  half  mor.,  25  oo 

Fisher's  Table  of  Cubic  Yards Cardboard,  25 

Godwin's  Railroad  Engineers'  Field-book  and  Explorers'  Guide.  .  .  i6mo,  mor.,  2  50 

Howard's  Transition  Curve  Field-book i6mo,  morocco,  i  50 

Hudson's  Tables  for  Calculating  the  Cubic  Contents  of  Excavations  and  Em- 
bankments  Svo,  i  oo 

Molitor  and  Beard's  Manual  for  Resident  Engineers i6mo,  i  oo 

Wagle's  Field  Manual  for  Railroad  Engineers i6mo,  morocco,  3  oo 

Philbrick's  Field  Manual  for  Engineers i6mo,  morocco,  3  oo 

Searles's  Field  Engineering i6mo,  morocco,  3  oo 

Railroad  Spiral i6mo,  morocco,  i  50 

Taylor's  Prismoidal  Formulae  and  Earthwork Svo,  i  50 

*  Trautwine's  Method  of  Calculating  the  Cube  Contents  of  Excavations  and 

Embankments  by  the  Aid  of  Diagrams Svo,  2  oo 

The  Field  Practice  of  Laying  Out  Circular  Curves  for  Railroads. 

I2mo,  morocco,  2  50 

Cross-section  Sheet Paper,  25 

Webb's  Railroad  Construction i6mo,  morocco,  5  oo 

Wellington's  Economic  Theory  of  the  Location  of  Railways Small  Svo,  5  oo 

DRAWING. 

Barr's  Kinematics  of  Machinery Svo,  2  50 

*  Bartlett's  Mechanical  Drawing Svo,  3  oo 

*  "                    "                    "        Abridged  Ed Svo,  i  50 

Coolidge's  Manual  of  Drawing Svo,  paper  i  oo 

Coolidge  and  Freeman's  Elements  of  General  Drafting  for  Mechanical  Engi- 
neers  Oblong  4to,  2  50 

Durley's  Kinematics  of  Machines Svo,  4  oo 

Emch's  Introduction  to  Projective  Geometry  and  its  Applications Svo.  2  50 
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Hill's  Text-book  on  Shades  and  Shadows,  and  Perspective 8vo,  2  oo 

Jamison's  Elements  of  Mechanical  Drawing 8vo,  2  50 

Advanced  Mechanical  Drawing 8vo,  2  oo 

Jones's  Machine  Design: 

Part  I.     Kinematics  of  Machinery 8vo,  i  50 

Part  n.     Form,  Strength,  and  Proportions  of  Partg 8vo,  3  oo 

MacCord's  Elements  of  Descriptive  Geometry 8vo,  3  oo 

Kinematics;  or,  Practical  Mechanism 8vo,  5  oo 

Mechanical  Drawing 4to,  4  oo 

Velocity  Diagrams 8vo,  i   50 

*  Mahan's  Descriptive  Geometry  and  Stone-cutting 8vo,  i   50 

Industrial  Drawing.     (Thompson.) 8vo,  3  50 

Moyer's  Descriptive  Geometry 8vo,  2  oo 

Reed's  Topographical  Drawing  and  Sketching 4to,  5  oo 

Reid's  Course  in  Mechanical  Drawing 8vo,  2  oo 

Text-book  of  Mechanical  Drawing  and  Elementary  Machine  Design. 8vo,  3  oo 

Robinson's  Principles  of  Mechanism 8vo,  3  oo 

Schwamb  and  Merrill's  Elements  of  Mechanism 8vo,  3  oo 

Smith's  Manual  of  Topographical  Drawing.     (McMillan.) 8vo,  2  50 

Warren's  Elements  of  Plane  and  Solid  Free-hand  Geometrical  Drawing.  i2mo,  i  oo 

Drafting  Instruments  and  Operations 12010.,  i  25 

Manual  of  Elementary  Projection  Drawing 12010,  i  5* 

Manual  of  Elementary  Problems  in  the  Linear  Perspective  of  Form  and 

Shadow i2mo,  i  oo 

Plane  Problems  in  Elementary  Geometry 12 mo,  i  23 

Primary  Geometry I2mo,  75 

Elements  of  Descriptive  Geometry,  Shadows,  and  Perspective 8vo,  3  50 

General  Problems  of  Shades  and  Shadows 8vo,  3  oo 

Elements  of  Machine  Construction  and  Drawing 8vo,  7  50 

Problems,  Theorems,  and  Examples  in  Descriptive  Geometry 8vo,  2  50 

Weisbach's  Kinematics  and  Power  of  Transmission.    (Hermann  and  Klein)8vo,  5  oo 

Whelpley's  Practical  Instruction  in  the  Art  of  Letter  Engraving i2mo,  2  oo 

Wilson's  (H.  M.)  Topographic  Surveying 8vo,  3  50 

Wilson's  (V.  T.)  Free-hand  Perspective 8vo,  2  50 

Wilson's  (V.  T.)  Free-hand  Lettering 8vo,  i  oo 

Woolf's  Elementary  Course  in  Descriptive  Geometry Large  8vo,  3  oo 


ELECTRICITY  AND  PHYSICS. 

Anthony  and  Brackett's  Text-book  of  Physics.     (Magie.) Small  8vo,  3  oo 

Anthony's  Lecture-notes  on  the  Theory  of  Electrical  Measurements.  .  .  .I2mo,  i  oo 

Benjamin's  History  of  Electricity 8vo,  3  oo 

Voltaic  Cell 8vo,  3  oo 

Classen's  Quantitative  Chemical  Analysis  by  Electrolysis.     (Boltwood.).Svo,  3  oo 

Crehore  and  Squier's  Polarizing  Photo-chronograph 8vo,  3  oo 

Dawson's  "Engineering"  and  Electric  Traction  Pocket-book.  i6mo,  morocco,  5  oo 
Dolezalek's    Theory   of   the    Lead   Accumulator    (Storage    Battery).      (Von 

Ende.) i2mo,  2  50 

Duhem's  Thermodynamics  and  Chemistry.     (Burgess.) 8vo,  4  oo 

Flather's  Dynamometers,  and  the  Measurement  of  Power 12010,  3  oo 

Gilbert's  De  Magnete.     (Mottelay.) 8vo,  2  50 

Hanchett's  Alternating  Currents  Explained I2mo,  i  oo 

Bering's  Ready  Reference  Tables  (Conversion  Factors) i6mo,  morocco,  2  50 

Holman's  Precision  of  Measurements 8vo,  2  oo 

Telescopic   Mirror-scale  Method,  Adjustments,  and   Tests.  .  .  .Large  8vo,  75 

Kinzbrunner's  Testing  of  Continuous-Current  Machines 8vo,  2  oo 

Landauer's  Spectrum  Analysis.     (Tingle.) 8vo,  3  oo 

Le  Chatelien's  High-temperature  Measurements.  (Boudouard — Burgess.)  i2mo.  3  oo 

Lob's  Electrolysis  and  Electrosynthesis  of  Organic  Compounds.  (Lorenz.)  12 mo,  i  oo 
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*  Lyons's  Treatise  on  Electromagnetic  Phenomena.  Vols.  I.  and  II.  8vo,  each,  6  oo 

*  Michie's  Elements  of  Wave  Motion  Relating  to  Sound  and  Light 8vo,  4  oo 

Niaudet's  Elementary  Treatise  on  Electric  Batteries.     (Fishback.) i2mo,  2  50 

*  Rosenberg's  Electrical  Engineering.     (Haldane  Gee — Kinzbrunner.).  .   8vo,  i  50 

Ryan,  Norris,  and  Hoxie's  Electrical  Machinery.     Vol.  1 8vo,  2  50 

Thurston's  Stationary  Steam-engines 8vo,  2  50 

*  Tillman's  Elementary  Lessons  in  Heat 8vo,  i  50 

Tory  and  Pitcher's  Manual  of  Laboratory  Physics Small  8vo,  2  oo 

Ulke's  Modern  Electrolytic  Copper  Refining 8vo,  3  oo 

LAW. 

*  Davis's  Elements  of  Law 8vo,  2  50 

*  Treatise  on  the  Military  Law  of  United  States 8vo,  7  oo 

Sheep,  7  So 

Manual  for  Courts-martial. i6mo,  morocco,  i  50 

Wait's  Engineering  and  Architectural  Jurisprudence 8vo,  6  oo 

Sheep,  6  50 

Law  of  Operations  Preliminary  to  Construction  in  Engineering  and  Archi- 
tecture   ...    8vo,  5  oo 

Sheep,  5  50 

Law  of  Contracts 8vo,  3  oo 

Winthrop's  Abridgment  of  Military  Law I2mo,  2  50 

MANUFACTURES. 

Bernadou's  Smokeless  Powder — Nitro-cellulose  and  Theory  of  the  Cellulose 

Molecule i2mo,  2  5* 

Bolland's  Iron  Founder i2mo,  2  50 

"  The  Iron  Founder,"  Supplement I2mo,  2  50 

Encyclopedia  of  Founding  and  Dictionary  of  Foundry  Terms  Used  in  the 

Practice  of  Moulding i2mo,  3  oo 

Eissler's  Modern  High  Explosives 8vo,  4  oo 

Eff rent's  Enzymes  and  their  Applications.     (Prescott.) 8vo,  3  oo 

Fitzgerald's  Boston  Machinist i2mo,  i  oo 

Ford's  Boiler  Making  for  Boiler  Makers i8mo,  i  oo 

Hopkin's  Oil-chemists'  Handbook 8vo,  3  oo 

Keep's  Cast  Iron 8vo,  2  50 

Leach's  The  Inspection  and  Analysis  of  Feod  with  Special  Reference  to  State 

Control Large  8vo,  7  50 

Matthews's  The  Textile  Fibres 8vo,  3  50 

Metcalf's  SteeL     A  Manual  for  Steel-users i2mo,  2  oo 

Metcalfe's  Cost  of  Manufactures — And  the  Administration  of  Workshops  8vo,  5  oo 

Meyer's  Modern  Locomotive  Construction 4to,  10  oo 

Morse's  Calculations  used  in  Cane-sugar  Factories i6mo,  morocco,  i  50 

*  Reisig's  Guide  to  Piece-dyeing 8vo,  25  oo 

Sabin's  Industrial  and  Artistic  Technology  of  Paints  and  Varnish 8vo,  3  oo 

Smith's  Press-working  of  Metals 8vo,  3  oo 

Spalding's  Hydraulic  Cement 12010,  2  oo 

Spencer's  Handbook  for  Chemists  of  Beet-sugar  Houses.    ...  i6mo,  morocco,  3  oo 

Handbook  for  Sugar  Manufacturers  and  their  Chemists.  .  i6mo,  morocco,  a  oo 

Taylor  and  Thompson's  Treatise  on  Concrete,  Plain  and  Reinforced 8vo,  5  oo 

Thurston's  Manual  of  Steam-boilers,  their  Designs,  Construction  and  Opera- 
tion  8vo,  5  oo 

*  Walke's  Lectures  on  Explosives 8vo,  4  oo 

Ware's  Manufacture  of  Sugar.     (In  press.) 

West's  American  Foundry  Practice i2mo.  a  50 

Moulder's  Text-book 1 2mo,  a  50 
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Wolff's  Windmill  as  a  Prime  Mover 8vo,    3  o« 

Wood's  Rustless  Coatings:   Corrosion  and  Electrolysis  of  Iron  and  Steel.  .8vo,    4  oo 


MATHEMATICS. 

Baker's  Elliptic  Functions 8vo, 

*  Bass's  Elements  of  Differential  Calculus i2mo, 

Briggs's  Elements  of  Plane  Analytic  Geometry izir.o, 

Compton's  Manual  of  Logarithmic  Computations i2mo, 

Davis's  Introduction  to  the  Logic  of  Algebra Svo, 

*  Dickson's  College  Algebra Large  i2mo, 

*  Introduction  to  the  Theory  of  Algebraic  Equations Large  i2mo, 

Emch's  Introduction  to  Projective  Geometry  and  its  Applications 8vo, 

Halsted's  Elements  of  Geometry 8vo, 

Elementary  Synthetic  Geometry 8vo, 


50 

>o 

00 

50 
50 
50 
25 
50 
75 
50 
Rational  Geometry i2mo,  75 

*  Johnson's  (J.  B.)  Three-place  Logarithmic  Tables:   Vest-pocket  size. paper,         15 

100  copies  for     5  oo 

*  Mounted  on  heavy  cardboard,  8X 10  inches,        25 

TO  copies  for  2  oo 

Johnson's  (W.  W.)  Elementary  Treatise  on  Differential  Calculus.  .Small  8vo,  3  oo 

Johnson's  (W.  W.)  Elementary  Treatise  on  the  Integral  Calculus. Small  8vo,  i  50 

Johnson's  (W.  W.)  Curve  Tracing  in  Cartesian  Co-ordinates i2mo,  i  oo 

Johnson's  (W.  W.)  Treatise  on  Ordinary  and  Partial  Differential  Equations. 

Small  8vo,  3  50 

Johnson's  (W.  W.)  Theory  of  Errors  and  the  Method  of  Least  Squares  i2mo,  i  50 

*  Johnson's  (W.  W.)  Theoretical  Mechanics i2mo,  3  oo 

Laplace's  Philosophical  Essay  on  Probabilities.     (Truscott  and  Emory.) .  i2mo,  2  oo 

*  Ludlow  and  Bass.     Elements  of  Trigonometry  and  Logarithmic  and  Other 

Tables 8vo,  3  oo 

Trigonometry  and  Tables  published  separately Each,  2  oo 

*  Ludlow's  Logarithmic  and  Trigonometric  Tables 8vo,  i  oo 

Maurer's  Technical  Mechanics 8vo,  4  oo 

Merriman  and  Woodward's  Higher  Mathematics 8vo,  5  oo 

Merriman's  Method  of  Least  Squares 8vo,  2  oo 

Rice  and  Johnson's  Elementary  Treatise  on  the  Differential  Calculus. .  Sm.  8vo,  3  oo 

Differential  and  Integral  Calculus.     2  vols.  in  one Small  8vo,    2  50 

Wood.'s  Elements  of  Co-ordinate  Geometry 8vo,     2  oo 

Trigonometry:  Analytical,  Plane,  and  Spherical i2mo,    i  oo 


MECHANICAL  ENGINEERING. 

MATERIALS  OF  ENGINEERING,  STEAM-ENGINES  AND  BOILERS. 

Bacon's  Forge  Practice i2mo,  i  50 

Baldwin's  Steam  Heating  for  Buildings i2rno,  2  50 

Barr's  Kinematics  of  Machinery 8vo,  2  50 

*  Bartlett's  Mechanical  Drawing Svo,  3  oo 

*  "  "  "        Abridged  Ed Svo,     150 

Benjamin's  Wrinkles  and  Recipes i2mo,    2  oo 

Carpenter's  Experimental  Engineering Svo,    6  oo 

Heating  and  Ventilating  Buildings Svo,    4  oo 

Cary's  Smoke  Suppression  in  Plants  using  Bituminous  Coal.     (In  Prepara- 
tion.) 

Clerk's  Gas  and  Oil  Engine Small  Svo,    4  oo 

Coolidge's  Manual  of  Drawing Svo,  paper,     i  oo 

Coolidge  and  Freeman's  Elements  of  General  Drafting  for  Mechanical  En- 
gineers  Oblong  4to,     2  50 
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Cromwell's  Treatise  on  Toothed  Gearing i2mo, 

Treatise  on  Belts  and  Pulleys 12010, 

Durley's  Kinematics  of  Machines STO, 

Flather's  Dynamometers  and  the  Measurement  of  Power i2mo, 

Rope  Driving izmo, 

Gill's  Gas  and  Fuel  Analysis  for  Engineers i2mo, 

Hall's  Car  Lubrication i2mo, 

Bering's  Ready  Reference  Tables  (Conversion  Factors) x6mo,  morocco, 


50 
50 

00 
00 
00 

25 
oo 
50 

Button's  The  Gas  Engine 8vo,  5  oo 

Jamison's  Mechanical  Drawing 8vo,  2  50 

Jones's  Machine  Design: 

Part  I.     Kinematics  of  Machinery 8vo,  i  50 

Part  n.     Form,  Strength,  and  Proportions  of  Parts 8vo,  3  oo 

Kent's  Mechanical  Engineers'  Pocket-book i6mo,  morocco,  5  oo 

Kerr's  Power  and  Power  Transmission 8vo,  -2  oo 

Leonard's  Machine  Shop,  Tools,  and  Methods 8vo,  4  oo 

*Lorenz's  Modern  Refrigerating  Machinery.     (Pope,  Haven,  and  Dean.)  .  .8vo,  4  oo 

MacCord's  Kinematics;   or,  Practical  Mechanism 8vo,  5  oo 

Mechanical  Drawing 4to,  4  oo 

Velocity  Diagrams 8vo,  i  50 

Mahan's  Industrial  Drawing.     (Thompson.) 8vo,  3  50 

Poole  s  Calorific  Power  of  Fuels 8vo,  3  oo 

Reid's  Course  in  Mechanical  Drawing 8vo,  2  oo 

Text-book  of  Mechanical  Drawing  and  Elementary  Machine  Design. 8vo,  3  oo 

Richard's  Compressed  Air i2mo,  i  50 

Robinson's  Principles  of  Mechanism 8vo,  3  oo 

Schwamb  and  Merrill's  Elements  of  Mechanism 8vo,  3  oo 

Smith's  Press-working  of  Metals 8vo,  3  oo 

Thurston's   Treatise   on   Friction  and   Lost  Work   in   Machinery  and    Mill 

Work 8vo,  3  oo 

Animal  as  a  Machine  and  Prime  Motor,  and  the  Laws  of  Energetics.  1 2 mo,  i   oo 

Warren's  Elements  of  Machine  Construction  and  Drawing 8vo,  7  50 

Weisbach's    Kinematics    and    the    Power    of    Transmission.     (Herrmann — 

Klein.) 8vo,  5  oo 

Machinery  of  Transmission  and  Governors.     (Herrmann — Klein.).  .8vo,  5  oo 

Wolff's  Windmill  as  a  Prime  Mover 8vo,  3  oo 

Wood's  Turbines 8vo,  2  50 


MATERIALS   OF   ENGINEERING. 

Bovey's  Strength  of  Materials  and  Theory  of  Structures 8vo,  7  50 

Burr's  Elasticity  and  Resistance  of  the  Materials  of  Engineering.    6th  Edition. 

Reset 8vo,  7  50 

Church's  Mechanics  of  Engineering 8vo,  6  oo 

Johnson's  Materials  of  Construction 8vo,  6  oo 

Keep's  Cast  Iron 8vo,  2  50 

Lanza's  Applied  Mechanics 8vo,  7  50 

Martens's  Handbook  on  Testing  Materials.     (Henning.) 8vo,  7  50 

Merriman's  Mechanics  of  Materials.  8vo,  5  oo 

Strength  of  Materials I2mo,  i  oo 

Metcalf's  Steel.     A  manual  for  Steel-users I2mo.  2  «o 

Sabin's  Industrial  and  Artistic  Technology  of  Paints  and  Varnish 8vo,  3  oo 

Smith's  Materials  of  Machines I2mo,  i  oo 

Thurston's  Materials  of  Engineering 3  vols.,  8vo,  8  oo 

Part  II.     Iren  and  Steel 8vo,  3  50 

Part  III.     A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituents 8vo,  a  50 

Text-book  of  the  Materials  of  Construction. 8vO,  5  oo 
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Wood's  (De  V.)  Treatise  on  the  Resistance  of  Materials  and  an  Appendix  on 

the  Preseivation  of  Timber 8vo,    2  oO 

Wood's  (De  V.)  Elements  of  Analytical  Mechanics 8vo,    3  oo 

Wood's  (M.  P.)  Rustless  Coatings:    Corrosion  and  Electrolysis  of  Iron  and 

Ste»L  ...  8vo,    4  oo 


STEAM-ENGINES  AND  BOILERS. 

Berry's  Temperature-entropy  Diagram i2mo,  i  25 

Carnot's  Reflections  on  the  Motive  Power  of  Heat.     (Thurston.) i2mo,  i  50 

Dawsou's  "Engineering"  and  Electric  Traction  Pocket-book.  .  .  .i6mo,  mor.,  5  oo 

Ford's  Boiler  Making  for  Boiler  Makers i8mo,  i  oo 

Goss's  Locomotive  Sparks 8vo,  2  oo 

Hemenway's  Indicator  Practice  and  Steam-engine  Economy i2mo,  2  oo 

Button's  Mechanical  Engineering  of  Power  Plants 8vo,  5  oo 

Heat  and  Heat-engines 8vo,  5  oo 

Kent's  Steam  boiler  Economy 8vo,  4  oo 

Kneass's  Practice  and  Theory  of  the  Injector 8vo,  i  50 

MacCord's  Slide-valves 8vo,  2  oo 

Meyer's  Modern  Locomotive  Construction 4to,  10  oo 

Peabody's  Manual  of  the  Steam-engine  Indicator i2mo.  i  50 

Tables  of  the  Properties  of  Saturated  Steam  and  Other  Vapors 8vo,  i  oo 

Thermodynamics  of  the  Steam-engine  and  Other  Heat-engines 8vo,  5  oo 

Valve-gears  for  Steam-engines 8vo,  2  50 

Peabody  and  Miller's  Steam-boilers 8v«,  4  oo 

Pray's  Twenty  Years  with  the  Indicator Large  8vo,  2  50 

Pupin's  Thermodynamics  of  Reversible  Cycles  in  Gases  and  Saturated  Vapors. 

(Osterberg.) '. .' i2mo,  i  25 

Reagan's  Locomotives:   Simple   Compound,  and  Electric i2mo,  2  50 

Rontgen's  Principles  of  Thermodynamics.     (Du  Bois.) 8vo,  5  oo 

Sinclair's  Locomotive  Engine  Running  and  Management i2mo,  2  oo 

Smart's  Handbook  of  Engineering  Laboratory  Practice i2mo,  2  50 

Snow's  Steam-boiler  Practice 8vo,  3  oo 

Spangler's  Valve-gears .' 8vo,  2  50 

Notes  on  Thermodynamics i2mo,  i  oo 

Spangler,  Greene,  and  Marshall's  Elements  of  Steam-engineering 8vo,  3  oo 

Thurston's  Handy  Tables 8vo.  i  50 

Manual  of  the  Steam-engine 2  vols.,  8ro,  10  oo 

Part  I.     History,  Structure,  and  Theory 8vo,  6  oo 

Part  II.     Design,  Construction,  and  Operation 8vo,  6  oo 

Handbook  of  Engine  and  Boiler  Trials,  and  the  Use  of  the  Indicator  and 

the  Prony  Brake 8vo,  5  oo 

Stationary  Steam-engines 8vo,  2  50 

Steam-boiler  Explosions  in  Theory  and  in  Practice i2mo,  i  50 

Manual  of  Steam-boilers,  their  Designs,  Construction,  and  Operation 8vo,  5  oo 

Weisbach's  Heat,  Steam,  and  Steam-engines.     (Du  Bois.) 8vo,  5  oo 

Whitham's  Steam-engine  Design 8vo,  5  oo 

Wilson's  Treatise  on  Steam-boilers.     (Flather.) i6mo,  2  50 

Wood's  Thermodynamics,  Heat  Motors,  and  Refrigerating  Machines.  .  .8vo,  4  oo 

MECHANICS  AND  MACHINERY. 

Barr's  Kinematics  of  Machinery 8vo,  2  50 

Bovcy's  Strength  of  Materials  and  Theory  of  Structures 8vo,  7  50 

Chase's  The  Art  of  Pattern-making ». . . .  i2mo,  2  50 

Church!s  Mechanics  of  Engineering 8vo,  6  oo 
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Church's  Notes  and  Examples  in  Mechanics 8vo,  oo 

Compton's  First  Lessons  in  Metal-working izmo,  50 

Compton  and  De  Groodt's  The  Speed  Lathe i2mo,  50 

Cromwell's  Treatise  on  Toothed  Gearing i2mo,  50 

Treatise  on  Belts  and  Pulleys i2mo,  50 

Dana's  Text-book  of  Elementary  Mechanics  for  Colleges  and  Schools.  . izmo,  50 

Dingey's  Machinery  Pattern  Making izmo,  oo 

Dredge's  Record  of  the  Transportation  Exhibits  Building  of  the  World's 

Columbian  Exposition  of  1893 4to  half  morocco,  5  oo 

Du  Bois's  Elementary  Principles  of  Mechanics: 

Vol.      I.     Kinematics 8vo,  3  50 

VoL    II.     Statics 8vo,  4  oo 

VoL  III.     Kinetics 8vo,  3  50 

Mechanics  of  Engineering.     Vol.    I Small  4to,  7  50 

Vol.  II Small  4to,  10  oo 

Durley's  Kinematics  of  Machines 8vo,  4  oo 

Fitzgerald's  Boston  Machinist i6mo,  i  oo 

Flather's  Dynamometers,  and  the  Measurement  of  Power i2mo,  3  oo 

Rope  Driving I2mo,  2  oo 

Goss's  Locomotive  Sparks 8vo,  2  oo 

Hall's  Car  Lubrication izmo,  i  oo 

Holly's  Art  of  Saw  Filing i8mo,  75 

James's  Kinematics  of  a  Point  and  the  Rational  Mechanics  of  a  Particle.  Sm.8vc,2  oo 

*  Johnson's  (W.  W.)  Theoretical  Mechanics i2mo,  3  oo 

Johnson's  (L.  J.)  Statics  by  Graphic  and  Algebraic  Methods 8vo,  2  oo 

Jones's  Machine  Design: 

Part    I.     Kinematics  of  Machinery.  .  .  .• 8vo,  i  50 

Part  II.     Form,  Strength,  and  Proportions  of  Parts 8vc,  3  oo 

Kerr's  Power  and  Power  Transmission 8vo,  2  oo 

Lanza's  Applied  Mechanics 8vo,  7  50 

Leonard's  Machine  Shop,  Tools,  and  Methods 8vo,  4  oo 

*Lorenz's  Modern  Refrigerating  Machinery.      (Pope,  Haven,  and  Dean.). 8vo,  4  oo 

MacCord's  Kinematics;   or,  Practical  Mechanism 8vo,  5  oo 

Velocity  Diagrams 8vo,  i  50 

Maurer's  Technical  Mechanics 8vo,  4  oo 

Merriman's  Mechanics  of  Materials.' 8vo,  5  oo 

*  Elements  of  Mechanics. izmo,  i  oo 

*  Michie's  Elements  of  Analytical  Mechanics 8vo,  4  oo 

Reagan's  Locomotives:   Simple,  Compound,  and  Electric i2mo,  2  50 

Retd's  Course  in  Mechanical  Drawing 8vo,  2  oo 

Text-book  of  Mechanical  Drawing  and  Elementary  Machine  Design. 8vo,  3  oo 

Richards's  Compressed  Air i2mo,  i  50 

Robinson's  Principles  of  Mechanism 8vo,  3  oo 

Ryan,  Norris,  and  Hoxie's  Electrical  Machinery.     Vol.  1 8vo,  2  50 

Schwamb  and  Merrill's  Elements  of  Mechanism 8vo,  3  oo 

Sinclair's  Locomotive-engine  Running  and  Management 12 mo,  2  oo 

Smith's  (0.)  Press-working  of  Metals 8vo,  3  oo 

Smith's  (A.  W.)  Materials  of  Machines izmo,  i  oo 

Spangler,  Greene,  and  Marshall's  Elements  of  Steam-engineering 8vo,  3  oo 

Thurston's  Treatise  on  Friction  and  Lost  Y/ork  in    Machinery  and    Mill 

Work 8vo,  3  oo 

Animal  as  a  Machine  and  Prime  Motor,  and  the  Laws  of  Energetics. 

1 2 mo,  i  oo 

Warren's  Elements  of  Machine  Construction  and  Drawing '.  .  .  .  .8vo,  7  50 

Weisbach's  Kinematics  and  Power  of  Transmission.   (Herrmann — Klein.  ).8vo.  5  oo 

Machinery  of  Transmission  and  Governors.      (Herrmann — Klein.). 8vo,  5  oo 

Wood's  Elements  of  Analytical  Mechanics 8vo.  3  oo 

Principles  of  Elementary  Mechanics i2mo,  i  25 

Turbines 8vo,  2  50 

The  World's  Columbian  Exposition  of  1893 4to,  i  oo 
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METALLURGY. 

Egleston's  Metallurgy  of  Silver,  Gold,  and  Mercury: 

Vol.    L     Silver 8vo,  7  SO 

Vol.  II.     Gold  and  Mercury 8vo,  7  50 

**  Iles's  Lead-smelting.     (Postage  9  cents  additional.) i2mo,  2  50 

Keep's  Cast  Iron 8vo,  2  50 

Kunhardt's  Practice  of  Ore  Dressing  in  Europe 8vo,  i  50 

Le  Chatelier's  High-temperature  Measuremepts.  (Boudouard — Burgess.  )i2mo,  3  oo 

Metcalf's  Steel.     A  Manual  for  Steel-users     i2mo,  2  oo 

Smith's  Materials  of  Machines i2mo,  i  oo 

Thurston's  Materials  of  Engineering.     In  Three  Parts 8vo  8  oo 

Part    II.     Iron  and  Steel 8vo,  3  50 

Part  III.     A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituents 8vo,  2  50 

Ulke's  Modern  Electrolytic  Copper  Refining 8vo,  3  oo 

MINERALOGY. 

Barringer's  Description  of  Minerals  of  Commercial  Value.    Oblong,  morocco,  2  50 

Boyd's  Resources  of  Southwest  Virginia 8vo,  3  oo 

Map  of  Southwest  Virignia Pocket-book  form.  2  oo 

Brush's  Manual  of  Determinative  Mineralogy.     (Penfield.) 8vo,  4  oo 

Chester's  Catalogue  of  Minerals 8vo,  paper,  i  oo 

Cloth,  i  25 

Dictionary  of  the  Names  of  Minerals 8vo,  3  50 

Dana's  System  of  Mineralogy Large  8vo,  half  leather,  12  50 

First  Appendix  to  Dana's  New  "  System  of  Mineralogy.'* Large  8vo,  i  oo 

Text-book  of  Mineralogy 8vo,  4  oo 

Minerals  and  How  to  Study  Them I2mo,  i  50 

Catalogue  of  American  Localities  of  Minerals Large  8vo,  i  oo 

Manual  of  Mineralogy  and  Petrography i2mo,  2  oo 

Douglas's  Untechnical  Addresses  on  Technical  Subjects i2mo,  i  oo 

Eakle's  Mineral  Tables 8vo,  i  25 

Egleston's  Catalogue  of  Minerals  and  Synonyms 8vo,  2  50 

Hussak's  The  Determination  of  Rock-forming  Minerals.    ( Smith.). Small  8vo,  2  oo 

Merrill's  Non-metallic  Minerals:   Their  Occurrence  and  Uses 8vo,  4  oo 

*  Penfield's  Notes  on  Determinative  Mineralogy  and  Record  of  Mineral  Tests. 

8vo  paper,  o  50 
Rosenbusch's   Microscopical   Physiography   of   the   Rock-making  Minerals. 

(Iddings.) ' 8vo,  5  oo 

*  Tillman  s  Text-book  of  Important  Minerals  and  Rocks .8vo.  2  oo 

Williams's  Manual  of  Lithology 8vo,  3  oo 

MINING. 

Beard's  Ventilation  of  Mines I2mo.  2  50 

Boyd's  Resources  of  Southwest  Virginia 8vo,  3  oo 

Map  of  Southwest  Virginia Pocket  book  form,  2  oo 

Douglas's  Untechnical  Addresses  on  Technical  Subjects i2mo.  i  oo 

*  Drinker's  Tunneling,  Explosive  Compounds,  arid  Rock  Drills   .4to.hf  mor. .  25  oo 

Eissler's  Modern  High  Explosives 8vo.  4  oo 

Fowler's  Sewage  Works  Analyses. i2mo,  2  oo 

Goodyear's  Coal-mines  of  the  Western  Coast  of  the  United  States i2mo.  2  50 

Ihlseng's  Manual  of  Mining .    .Svot.  5  oo 

**  Iles's  Lead-smelting.     (Postage  QC.  additional.) ~ i2mo.  2  50 

Kunhardt's  Practice  of  Ore  Dressing  in  Europe 8vo,  i  50 

O'Driscoll's  Notes  on  the  Treatment  of  Gold  Ores 8vo.  2  oo 

*  Walke's  Lectures  on  Explosives 8vo,  4  oo 

Wilson's  Cyanide  Processes , I2mo,  i  50 

ChJorination  Process i2mo,  i  50 
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Wilson's  Hydraulic  and  Placer  Mining izmo,  2  oo 

Treatise  on  Practical  and  Theoretical  Mine  Ventilation i2mo',  i  25 

SANITARY  SCIENCE. 

Bashore's  Sanitation  of  a  Country  House I2mo,  i  oo 

Folwell's  Sewerage.     (Designing,  Construction,  and  Maintenance.) 8vo[  3  <* 

Water-supply  Engineering 8ro,  4  o« 

Fuertes's  Water  and  Public  Health. lamo,  i  50 

Water-filtraticn  Works I2tno,  2  50 

Gerhard's  Guide  to  Sanitary  House-inspection i6mo,  i  oo 

Goodrich's  Economic  Disposal  of  Town's  Refuse Demy  8vo,  3  50 

Hazen's  Filtration  of  Public  Water-supplies 8vo,  3  oo 

Leach's  The  Inspection  and  Analysis  of  Food  with  Special  Reference  to  State 

Control 8vo,  7  50 

Mason's  Water-supply.  (Considered  principally  from  a  Sanitary  Standpoint)  8vo,  4  oo 

Examination  of  Water.     (Chemical  and  Bacteriological) 12010,  i  25 

Merriman's  Elements  of  Sanitary  Engineering 8vo,  2  oo 

Ogden's  Sewer  Design i2mo,  a  oo 

Prescott  and  Winslow's  Elements  of  Water  Bacteriology,  with  Special  Refer- 
ence to  Sanitary  Water  Analysis I2mo,  i  25 

*  Price's  Handbook  on  Sanitation i2mo,  i  50 

Richards's  Cost  of  Food.     A  Study  in  Dietaries lamo,  i  oo 

Cost  of  Living  as  Modified  by  Sanitaiy  Science i2mo,  i  oc 

Richards  and  Woodman's  Air,  Water,  and  Food  from  a  Sanitary  Stand- 
point  8vo,  2  oo 

*  Richards  and  Williams's  The  Dietary  Computer 8vo,  i  50 

Rideal's  Sewage  and  Bacterial  Purification  of  Sewage 8vo,  3  50 

Turneaure  and  Russell's  Public  Water-supplies 8vo,  5  oo 

Von  Behring's  Suppression  of  Tuberculosis.     (Bolduan.) i2mo,  i  oo 

Whipple's  Microscopy  of  Drinking-water 8vo,  3  50 

Woodhull's  Notes  on  Military  Hygiene i6mo,  i  50 

MISCELLANEOUS. 

De  Fursac's  Manual  of  Psychiatry.  (Rosanoff  and  Collins.).  ..  .Large  i2mo,  2  50 
Emmons's  Geological  Guide-book  of  the  Rocky  Mountain  Excursion  of  the 

International  Congress  of  Geologists Large  8vo,  i  50 

Ferrel's  Popular  Treatise  on  the  Winds 8vo.  4  oo 

Haines's  American  Railway  Management i2mo,  2  50 

Mott's  Composition,  Digestibility,  and  Nutritive  Value  of  Food.  Mounted  chart,  i  25 

Fallacy  of  the  Present  Theory  of  Sound i6mo,  i  oo 

Ricketts's  History  of  Rensselaer  Polytechnic  Institute,  1824-1894.  .Small  8vo,  3  oo 

Rostoski's  Serum  Diagnosis.  (Bolduan.) i2mo.  i  oo 

Rotherham's  Emphasized  New  Testament Large  8vo,  2  oo 

Steel's  Treatise  on  the  Diseases  of  the  Dog 8vo,  3  50 

Totten's  Important  Question  in  Metrology 8vo,  2  50 

The  World's  Columbian  Exposition  of  1893 4to,  i  oo 

Von  Behring's  Suppression  of  Tuberculosis.  (Bolduan.) i2mo,  i  oo 

Winslow's  Elements  of  Applied  Microscopy i2mo,  i  50 

Worcester  and  Atkinson.  Small  Hospitals,  Establishment  and  Maintenance; 

Suggestions  for  Hospital  Architecture:  Plans  for  Small  Hospital.  i2mo,  i  25 

HEBREW  AND   CHALDEE  TEXT-BOOKS. 

Green's  Elementary  Hebrew  Grammar I2mo,  i  25 

Hebrew  Chrestomathy 8vo,  a  oo 

Gesenius's  Hebrew  and  Chaldee  Lexicon  tr    the  Old  Testament  Scriptures. 

(Tregelles.) Small  4to,  half  morocco,  5  oo 

Lett««s's  Hebrew  Bible 8vo,  *  25 

16 


Martin,  Louis  Adolphe 
807    Text-book  of  mechanics. 
M38 
v.2 

P&ASci. 


1st  ed 


PLEASE  DO  NOT  REMOVE 
CARDS  OR  SLIPS  FROM  THIS  POCKET 

UNIVERSITY  OF  TORONTO  LIBRARY 


